Enskog kinetic theory for multicomponent granular suspensions by González, Rubén Gómez et al.
ar
X
iv
:1
91
0.
13
47
5v
2 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  2
0 D
ec
 20
19
Enskog kinetic theory for multicomponent granular suspensions
Rube´n Go´mez Gonza´lez
Departamento de F´ısica, Universidad de Extremadura, E-06006 Badajoz, Spain
Nagi Khalil
Escuela Superior de Ciencias Experimentales y Tecnolog´ıa (ESCET),
Universidad Rey Juan Carlos, Mo´stoles 28933, Madrid, Spain
Vicente Garzo´
Departamento de F´ısica and Instituto de Computacio´n Cient´ıfica Avanzada (ICCAEx),
Universidad de Extremadura, E-06006 Badajoz, Spain
(Dated: December 23, 2019)
The Navier–Stokes transport coefficients of multicomponent granular suspensions at moderate
densities are obtained in the context of the (inelastic) Enskog kinetic theory. The suspension is
modeled as an ensemble of solid particles where the influence of the interstitial gas on grains is via
a viscous drag force plus a stochastic Langevin-like term defined in terms of a background temper-
ature. In the absence of spatial gradients, it is shown first that the system reaches a homogeneous
steady state where the energy lost by inelastic collisions and viscous friction is compensated for by
the energy injected by the stochastic force. Once the homogeneous steady state is characterized,
a normal solution to the set of Enskog equations is obtained by means of the Chapman–Enskog
expansion around the local version of the homogeneous state. To first-order in spatial gradients, the
Chapman–Enskog solution allows us to identify the Navier–Stokes transport coefficients associated
with the mass, momentum, and heat fluxes. In addition, the first-order contributions to the partial
temperatures and the cooling rate are also calculated. Explicit forms for the diffusion coefficients,
the shear and bulk viscosities, and the first-order contributions to the partial temperatures and
the cooling rate are obtained in steady-state conditions by retaining the leading terms in a Sonine
polynomial expansion. The results show that the dependence of the transport coefficients on inelas-
ticity is clearly different from that found in its granular counterpart (no gas phase). The present
work extends previous theoretical results for dilute multicomponent granular suspensions [Khalil
and Garzo´, Phys. Rev. E 88, 052201 (2013)] to higher densities.
I. INTRODUCTION
It is known that granular matter in nature is generally
immersed in a fluid, like air or water, and so a gran-
ular flow is a multiphase process. However, there are
situations where the influence of the interstitial fluid on
the granular flow can be ignored. This happens for in-
stance when the stress due to the grains is greater than
that exerted by the fluid phase. Otherwise, there are
many interesting phenomena (such as species segregation
in granular mixtures [1–6]) where the effect of the fluid
phase cannot be neglected and hence, in principle, one
has to start from a theoretical description that accounts
for both phases (fluid and solid phases). In the case of
monodisperse gas-solid flows, one possibility would be to
describe the granular suspension in terms of a set of two
coupled kinetic equations for each one of the velocity dis-
tributions of the different phases. However, the resulting
theory would be very difficult to solve, since in particu-
lar the different phases evolve over quite different spatial
and temporal scales. The problem would be even more
complex when one considers multicomponent gas-solid
flows. Thus, due to the technical difficulties involved in
the above approach, it is more frequent in gas-solid flows
to consider a suspension model where the effect of the
interstitial fluid on the solid particles is via an effective
external force [7].
The fluid-solid external force that models the effect
of the viscous gas on solid particles is usually consti-
tuted by two different terms [8–11]. On the one hand,
the first term includes a dissipative force obeying Stokes’
law, namely a viscous drag force proportional to the in-
stantaneous particle velocity. On the other hand, the
second term has a stochastic component, modeled as a
Gaussian white noise [12]. This stochastic force provides
kinetic energy to the solid particles by randomly kicking
them [13]. Hence, while the drag force tries to model
the friction of grains with the interstitial gas phase, the
stochastic Langevin-like term mimics the energy transfer
from the surrounding gas particles to the granular parti-
cles. The above suspension model has been recently [14]
employed to get the Navier–Stokes transport coefficients
of monocomponent granular suspensions by solving the
Enskog equation for inelastic hard spheres by means of
the Chapman–Enskog method [15] adapted to dissipative
dynamics.
The determination of the Navier–Stokes transport co-
efficients of multicomponent granular suspensions is chal-
lenging. This target is not only relevant from a funda-
mental point of view but also from a more practical point
of view since real gas-solid flows are usually present in
nature as an ensemble of particles of different masses,
sizes, and coefficients of restitution. In such case, given
2that the number of variables and parameters involved in
the analysis of multicomponent systems is very large, it is
usual to consider first more simple systems, such as multi-
component granular suspensions at low density. This was
carried out previously in three different papers [10, 16, 17]
where the complete set of Navier–Stokes transport coeffi-
cients of a binary mixture were obtained from the Boltz-
mann kinetic equation.
The objective of this paper is to extend the analysis
performed for dilute bidisperse suspensions [10, 16, 17]
to the (inelastic) Enskog kinetic theory [18] for a de-
scription of hydrodynamics and transport at higher den-
sities. Since this theory applies for moderate densities
(let’s say for instance, solid volume fraction φ . 0.25 for
hard spheres), a comparison between kinetic theory and
molecular dynamics (MD) simulations becomes practi-
cal. This is perhaps one of the main motivations of the
present study.
As mentioned before, we want to derive here the
Navier–Stokes hydrodynamic equations of multicompo-
nent granular suspensions by solving the Enskog kinetic
equation by the Chapman–Enskog method. An impor-
tant point in the application of this method to the Enskog
equation is the reference state to be used in the pertur-
bation scheme. As in the case of dry (no gas phase)
granular gases [18], the zeroth-order velocity distribution
f
(0)
i of the component i cannot be chosen a priori and
must be consistently obtained as a solution of the En-
skog equation in the absence of spatial gradients. Since
we are interested here in computing the transport coef-
ficients under steady state conditions, for simplicity one
could take a steady distribution f
(0)
i at any point of the
system [19, 20]. However, this steady distribution is not
the most general election for f
(0)
i since the presence of the
interstitial fluid introduces the possibility of a local en-
ergy unbalance and hence, the zeroth-order distributions
f
(0)
i of each component in the Chapman–Enskog solu-
tion are not in general stationary distributions. This is
because for arbitrary small deviations from the homoge-
neous steady state the energy gained by grains due to col-
lisions with the background fluid cannot be locally com-
pensated with the other cooling terms, arising from the
viscous friction and the collisional dissipation. Thus, in
order to get the transport coefficients, we have to achieve
first the unsteady set of integral equations verifying the
first-order distributions f
(1)
i and then, we have to solve
the above set under steady-state conditions. As a conse-
quence, the transport coefficients depend not only on the
steady temperature but also on some quantities (deriva-
tives of the temperature ratio) which provide an indirect
information on the departure of the time-dependent so-
lution f
(0)
i from its stationary form.
The mass, momentum, and heat fluxes are calculated
here up to first order in the spatial gradients of the hydro-
dynamic fields. In addition, there are contributions to the
partial temperatures and the cooling rate proportional to
the divergence of the flow velocity field. These new con-
tributions have been recently [21] evaluated for dry gran-
ular mixtures. As happens for binary systems [22–24],
the determination of the twelve relevant Navier–Stokes
transport coefficients of a binary mixture (ten transport
coefficients and two first-order contributions to the par-
tial temperatures and the cooling rate) requires to solve
ten coupled integral equations. This is of course a very
long task. For this reason, in this work we will address
the determination of the four diffusion coefficients asso-
ciated with the mass flux, the shear and bulk viscosities
coefficients and the first-order contributions to the par-
tial temperatures and the cooling rate.
The plan of the paper is as follows. The set of coupled
Enskog equations for multicomponent granular suspen-
sions and the corresponding balance equations for the
densities of mass, momentum, and energy are derived in
Sec. II. Then, Sec. III analyzes the steady homogeneous
state. As in previous works [10, 25, 26], scaling solu-
tions are proposed whose dependence on the temperature
T occurs through the dimensionless velocity c = v/v0
(v0 being a thermal speed) and the reduced tempera-
ture θ = T/Tex (Tex being the background tempera-
ture). Theoretical predictions for the temperature ra-
tio of both components T1/T2 are compared against MD
simulations. The comparison shows in general a good
agreement for conditions of practical interest. Section
IV is focused on the application of the Chapman–Enskog
expansion around the unsteady reference distributions
f
(0)
i (r,v, t) up to first order in the spatial gradients. The
Navier–Stokes transport coefficients are defined in Sec. V
and given in terms of the solutions of a set of linear cou-
pled integral equations. The leading terms in a Sonine
polynomial expansion are considered in Sec. VI to solve
the integral equations defining the diffusion coefficients,
the shear viscosity, and the first-order contributions to
the partial temperatures and the cooling rate. All these
coefficients are explicitly determined as functions of both
the granular and background temperatures, the density,
the concentration, and the mechanical parameters of the
mixture (masses, diameters, and coefficients of restitu-
tion). The dependence of the transport coefficients, the
partial temperatures, and the cooling rate on the param-
eter space is illustrated in Sec. VII for several systems. It
is shown that the impact of the gas phase on the trans-
port coefficients is in general quite significant since their
dependence on inelasticity is different from the one ob-
tained for dry granular mixtures [18, 22–24]. The paper
is closed in Sec. VIII with a brief discussion of the results
obtained in this work. Further details of the calculations
carried out here are given in three Appendices.
3II. ENSKOG KINETIC EQUATION FOR
POLIDISPERSE GAS-SOLID FLOWS
A. Model for multicomponent granular suspensions
We consider a binary mixture composed by inelastic
hard disks (d = 2) or spheres (d = 3) of masses mi and
diameters σi (i = 1, 2). The solid particles are immersed
in an ordinary gas of viscosity ηg. Spheres are assumed
to be completely smooth so that, inelasticity of collisions
between particles of the component i with particles of
the component j is only characterized by the constant
(positive) coefficients of restitution αij 6 1. The mix-
ture is also assumed to be in the presence of the gravita-
tional field and hence, each particle feels the action of the
force Fi = mig, where g is the gravity acceleration. For
moderate densities, the one-particle velocity distribution
function fi(r,v, t) of the component i verifies the set of
nonlinear Enskog equations [18]
∂fi
∂t
+ v · ∇fi + g · ∂fi
∂v
+ Fifi =
2∑
j=1
Jij [r,v|fi, fj ], (1)
where the Enskog collision operator is
Jij [r1,v1|fi, fj ] = σd−1ij
∫
dv2
∫
dσ̂Θ(σ̂ · g12) (σ̂ · g12)
[
α−2ij χij(r1, r1 − σij)fi(r1,v′′1 , t)fj(r1 − σij ,v′′2 , t)
−χij(r1, r1 + σij)fi(r1,v1, t)fj(r1 + σij ,v2, t)
]
. (2)
In Eq. (1), the operator Fi represents the fluid-solid in-
teraction force that models the effect of the viscous gas
on the solid particles of the component i. Its explicit
form will be given below. In addition, σij = σij σ̂,
σij = (σi + σj)/2, σ̂ is a unit vector directed along the
line of centers from the sphere of the component i to that
of the component j at contact, Θ is the Heaviside step
function, g12 = v1−v2 is the relative velocity of the col-
liding pair, and χij(r1, r1 + σij) is the equilibrium pair
correlation function of two hard spheres, one for the com-
ponent i and the other for the component j at contact
(namely, when the distance between their centers is σij).
The precollisional velocities (v′′1 ,v
′′
2 ) are given by
v′′1 = v1 − µji
(
1 + α−1ij
)
(σ̂ · g12) σ̂, (3)
v′2 = v2 + µij
(
1 + α−1ij
)
(σ̂ · g12) σ̂, (4)
where µij = mi/(mi +mj).
As in previous works on granular suspensions [9, 11, 14,
27], the influence of the surrounding gas on the dynamics
of grains is accounted for via an instantaneous fluid force.
For low Reynolds numbers, we assume that the external
force is composed by two independent terms. One term is
a viscous drag force (Fdragi ) proportional to the particle
velocity v. This term takes into account the friction of
particles of the component i with the viscous gas. A
subtle point in the choice of the explicit form of the drag
force Fdragi for multicomponent systems is that it can be
defined to be the same for both components or it can
be chosen to be different for both components. Here, in
consistency with simulations of bidisperse gas-solid flows
[28–30], we will assume that
F
drag
i = −miγi (v −Ug) , (5)
where γi is the (positive) drift or friction coefficient as-
sociated with the component i. In addition, since the
model tries to model gas-solid flows, the drag force (5)
has been defined in terms of the relative velocity v−Ug
where Ug is the mean fluid velocity of the gas phase.
This latter quantity is assumed to be a known quantity
of the suspension model. Thus, according to Eq. (5), in
the Enskog equation (1) the drag force is represented by
the operator
Fdragi fi → −γi
∂
∂v
· (v −Ug) fi. (6)
The second term in the gas-to-solid force corresponds
to a stochastic Langevin force (Fsti ) representing Gaus-
sian white noise [12]. This force attempts to simulate
the kinetic energy gain of grains due to eventual colli-
sions with the more energetic particles of the surround-
ing gas [13]. In the context of the Enskog equation (1),
the stochastic force is represented by a Fokker–Planck
collision operator of the form [31–34]
F sti fi → −
γiTex
mi
∂2fi
∂v2
, (7)
where Tex can be interpreted as the temperature of the
background (or bath) gas.
Although the drift coefficient γi is in general a ten-
sor, here for simplicity we assume that this coefficient is
a scalar proportional to the viscosity of the gas phase
ηg [7]. In addition, according to the results obtained in
lattice-Boltzmann simulations of low-Reynolds-number
fluid flow in bidisperse suspensions [28–30], the friction
coefficients γi must be functions of the partial volume
fractions φi and the total volume fraction φ = φ1 + φ2
4where
φi =
πd/2
2d−1dΓ
(
d
2
)niσdi . (8)
Here,
ni =
∫
dv fi(v) (9)
is the local number density of the component i. The
coefficients γi can be written as
γi = γ0Ri(φi, φ), (10)
where γ0 ∝ ηg ∝
√
Tex. Explicit forms of Ri(φi, φ)
can be found in the literature for polydisperse gas-solid
flows [28–30]. In particular, for hard spheres (d = 3),
low-Reynolds-number fluid and moderate densities, Yin
and Sundaresan [29] have proposed the expression γi =
(18ηg/ρσ
2
12)Ri where the dimensionless function Ri is
Ri(φi, φ) =
ρσ212
ρiσ2i
(1 − φ)φiσi
φ
2∑
j=1
φj
σj
[
10φ
(1− φ)2
+(1− φ)2
(
1 + 1.5
√
φ
)]
. (11)
Hence, according to Eqs. (6) and (7), the operator Fifi
reads
Fifi = Fdragi fi + F sti fi
→ −γi∆U · ∂fi
∂v
− γi ∂
∂v
·Vfi − γiTex
mi
∂2fi
∂v2
,
(12)
and the Enskog equation for the component i becomes
∂fi
∂t
+ v · ∇fi + g · ∂fi
∂v
− γi∆U · ∂fi
∂v
− γi ∂
∂v
·Vfi
−γiTex
mi
∂2fi
∂v2
=
2∑
j=1
Jij [fi, fj]. (13)
In Eq. (12), ∆U = U −Ug, V = v −U is the peculiar
velocity, and
U = ρ−1
2∑
i=1
∫
dv mivfi(v) (14)
is the local mean flow velocity of the mixture. Here,
ρ =
∑
i ρi is the total mass density and ρi = mini is the
mass density of the component i.
The suspension model (13) is similar to the one pro-
posed in Ref. [10] to obtain the Navier–Stokes transport
coefficients of multicomponent granular suspensions at
low-density. In this latter model [10], the gas phase
depends on two parameters, namely the friction coeffi-
cient of the drag force (γb in the notation of Ref. [10])
and the strength of the correlation (ξ2b in the notation
of Ref. [10]). However, in contrast with the suspension
model proposed here, both parameters (γb and ξ
2
b) were
assumed to be independent and the same for each one
of the components. Therefore, in the low-density limit,
the results derived here reduce to those obtained before
[10] when one makes the changes γ1 = γ2 = γb [with
Ri(φi, φ) = 1] and ξ
2
b = 2γbTex. Here, in the notation
of Ref. [10], the other constants of the driven model are
chosen to be β = 0 and λ = 1; this is one of the pos-
sible elections consistent with the fluctuation-dissipation
theorem for elastic collisions [12].
B. Balance equations
Apart from the partial densities ni and the flow ve-
locity U, the other important hydrodynamic field is the
granular temperature T . It is defined as
T =
1
n
2∑
i=1
∫
dv
mi
d
V 2fi(v), (15)
where n = n1+n2 is the total number density. The gran-
ular temperature T can also be defined in terms of the
partial kinetic temperatures T1 and T2 of the components
1 and 2, respectively. The partial kinetic temperature Ti
measures the mean kinetic energy of the component i.
They are defined as
Ti =
mi
dni
∫
dv V 2fi(v), i = 1, 2. (16)
In accordance with Eq. (15), the granular temperature T
of the mixture can be also written as
T =
2∑
i=1
xiTi, (17)
where xi = ni/n is the concentration or mole fraction of
the component i.
In order to obtain the balance equations for the hy-
drodynamic fields, an important property of the inte-
grals involving the (inelastic) Enskog collision operator
Jij [r,v|fi, fj] is [18, 35]
Iψ ≡
∫
dv1 ψ(v1)Jij [r1,v1|fi, fj ]
= σd−1ij
∫
dv1
∫
dv2
∫
dσ̂Θ(σ̂ · g12)(σ̂ · g12)
×χij(r1, r1 + σij)fi(r1,v1, t)fj(r1 + σij ,v2, t)
× [ψ(v′1)− ψ(v1)] , (18)
where ψ(v) is an arbitrary function of v and
v′1 = v1 − µji (1 + αij) (σ̂ · g12) σ̂. (19)
The balance equations for the densities of mass, momen-
tum, and energy can be derived by taking velocity mo-
ments in the Enskog equation (13) and using the property
5(18). They read
Dtni + ni∇ ·U+ ∇ · ji
mi
= 0, (20)
DtU+ ρ
−1∇·P = g− ρ−1∆U
2∑
i=1
ρiγi− ρ−1 (γ1 − γ2) j1,
(21)
DtT − T
n
2∑
i=1
∇ · ji
mi
+
2
dn
(∇ · q+ P : ∇U)
= − 2
dn
∆U ·
2∑
i=1
γi ji + 2
2∑
i=1
xiγi (Tex − Ti)
−ζT. (22)
In the above equations, Dt = ∂t +U · ∇ is the material
derivative, and
ji = mi
∫
dv Vfi(v) (23)
is the mass flux for the component i relative to the local
flow U. A consequence of the definition (23) of the fluxes
ji is that j1 = −j2. The pressure tensor P(r, t) and the
heat flux q(r, t) have both kinetic and collisional transfer
contributions, i.e.,
P = Pk + Pc, q = qk + qc. (24)
The kinetic contributions Pk and qk are given by
P
k =
2∑
i=1
∫
dv miVVfi(v), (25)
qk =
2∑
i=1
∫
dv
mi
2
V 2Vfi(v). (26)
The collisional transfer contributions are [22]
P
c =
2∑
i=1
2∑
j=1
σdijmij
1 + αij
2
∫
dv1
∫
dv2
∫
dσ̂
×Θ(σ̂ · g12) (σ̂ · g12)2 σ̂σ̂
∫ 1
0
dx
×f (2)ij [r− xσij , r+ (1− x)σij ,v1,v2, t], (27)
qc =
2∑
i=1
2∑
j=1
σdijmij
1 + αij
8
∫
dv1
∫
dv2
∫
dσ̂
×Θ(σ̂ · g12) (σ̂ · g12)2 σ̂
[
4 (σ̂ ·Gij)
+ (µji − µij) (1− αij) (σˆ · g12)
] ∫ 1
0
dx
×f (2)ij [r− xσij , r+ (1− x)σij ,v1,v2; t]. (28)
Here, mij = mimj/(mi+mj) is the reduced mass, Gij =
µijV1 + µjiV2 is the velocity of center of mass and
f
(2)
ij (r1, r2,v1,v2, t) ≡ χij(r1, r2)fi(r1,v1, t)fj(r2,v2, t).
(29)
Finally, the (total) cooling rate ζ is due to inelastic col-
lisions among all components. It is given by
ζ =
1
2dnT
2∑
i=1
2∑
j=1
σd−1ij mij
(
1− α2ij
) ∫
dv1
∫
dv2
∫
dσ̂
×Θ(σ̂ · g12) (σ̂ · g12)3 f (2)ij [r, r+ σij ,v1,v2; t]. (30)
As expected, the balance equations (20)–(22) are not a
closed set of equations for the fields n1, n2, U, and T . To
become these equations into a set of closed equations, one
has to express the fluxes and the cooling rate in terms of
the hydrodynamic fields and their gradients. The corre-
sponding constitutive equations can be obtained by solv-
ing the Enskog kinetic equation (13) from the Chapman–
Enskog method [15] adapted to dissipative dynamics.
This will be worked out in Sec. IV.
III. HOMOGENEOUS STEADY STATES
A. Time-dependent state
Before considering inhomogeneous states, we will study
first the homogeneous problem. This state has been
widely analyzed in Ref. [10] for a similar suspension
model. In the homogeneous state, the partial densi-
ties ni(r, t) ≡ ni are constant, the granular temperature
T (r, t) ≡ T (t) is spatially uniform, the gas velocity Ug
is assumed to be uniform, and, with an appropriate se-
lection of the reference frame, both mean flow velocities
vanish (U = Ug = 0). Under these conditions and in the
absence of gravity (g = 0), Eq. (13) reads
∂tfi − γi ∂
∂v
· vfi − γiTex
mi
∂2fi
∂v2
=
2∑
j=1
Jij [fi, fj ], (31)
where
Jij [fi, fj ] = χijσ
d−1
ij
∫
dv2
∫
dσ̂Θ(σ̂ · g12) (σ̂ · g12)
×
[
α−2ij fi(v
′
1)fj(v
′
2)− fi(v1)fj(v2)
]
(32)
is the Boltzmann collision operator multiplied by the
(constant) pair correlation function χij . For homoge-
neous states, the fluxes vanish and so the only nontrivial
balance equation is that of the temperature (22):
∂tT = 2
2∑
i=1
xiγi (Tex − Ti)− ζT, (33)
6where, according to Eq. (30), the expression of ζ for ho-
mogeneous states can be written as
ζ =
π(d−1)/2
2dΓ
(
d+3
2
) 1
nT
2∑
i=1
2∑
j=1
σd−1ij mijχij(1− α2ij)
×
∫
dv1
∫
dv2 g
3
12 fi(v1)fj(v2). (34)
Analogously, the evolution equation for the partial
temperatures Ti can be obtained from Eq. (31) as
∂tTi = 2γi (Tex − Ti)− ζiTi, (35)
where we have introduced the partial cooling rates ζi for
the partial temperatures Ti. They are defined as
ζi = − mi
dniTi
2∑
j=1
∫
dv V 2Jij [fi, fj]. (36)
The total cooling rate ζ can be rewritten in terms of the
partial cooling rates ζi when one takes into account the
constraint (17) and the evolution equations (33) and (35).
The result is
ζ =
2∑
i=1
xiτiζi, (37)
where τi = Ti/T is the temperature ratio of the compo-
nent i.
As usual, for times longer than the mean free time,
the system is expected to reach a hydrodynamic regime
where the distributions fi depend on time through the
only time-dependent hydrodynamic field of the problem:
the granular temperature T [36]. In this regime,
∂tfi =
∂fi
∂T
∂tT =
[
2
2∑
i=1
xiγi
(
θ−1 − τi
)− ζ]T ∂fi
∂T
, (38)
and the homogeneous Enskog equation (31) becomes
[
2
2∑
i=1
xiγi
(
θ−1 − τi
)− ζ]T ∂fi
∂T
− γi ∂
∂v
· vfi
−γiTex
mi
∂2fi
∂v2
=
2∑
j=1
Jij [fi, fj], (39)
where θ = T/Tex.
B. Steady state
In the steady state (∂tTi = 0), Eq. (35) gives the follow-
ing set of coupled equations for the (asymptotic) partial
temperatures Ti,s:
2γi (Tex − Ti,s)− ζi,sTi,s = 0, (40)
where the subscript s means that all the quantities are
evaluated in the steady state. To determine these tem-
peratures one has to get the steady-state solution to Eq.
(39). By using the relation
2
2∑
i=1
xiγi
(
θ−1 − τi
)− ζ = 0, (41)
Eq.(39) reads
− γi ∂
∂v
· vfi,s − γiTex
mi
∂2fi,s
∂v2
=
2∑
j=1
Jij [fi,s, fj,s]. (42)
As shown for dilute driven multicomponent granular
gases [10], dimensionless analysis requires that fi,s has
the scaled form
fi,s(ni,v, γ, Tex) = niv
−d
0 ϕi,s(c, x1, γ
∗
i,s, θs), (43)
where the unknown scaled function ϕi,s depends on the
dimensionless parameters
c =
v
v0s
, γ∗i,s =
γi
nσd−112 v0s
. (44)
Here, v0s =
√
2Ts/m is the thermal speed and m =∑
imi/2. Note that the time-dependent velocity distri-
bution function fi(v, t) also admits the scaling form (43).
The (reduced) drift parameters γ∗i,s can be easily ex-
pressed in terms of the mole fraction, the volume frac-
tions φi and φ, and the (reduced) temperature θs as
γ∗i,s = λiθ
−1/2
s , λi =
√
2πd/2
2ddΓ
(
d
2
) Ri(φi, φ)√
T ∗ex
∑
j(σ12/σj)
dφj
,
(45)
T ∗ex ≡ Tex/(mσ212γ20) being the (dimensionless) back-
ground gas temperature. Note that λ1/R1 = λ2/R2. As
expected from previous works [10, 14, 37, 38], the depen-
dence of the scaled distribution ϕi,s on the temperature
is not only through the dimensionless velocity c but also
through the dimensionless parameter θs. This scaling dif-
fers from the one assumed in free cooling systems [31, 39]
where all the temperature dependence of ϕi,s is encoded
through c.
The scaling given by Eq. (43) is equivalent to the one
proposed in Ref. [10] when one makes the mapping ξ∗s →
2λθ
−3/2
s , where λ1 = λ2 = λ and R1 = R2 = 1. The
dimensionless parameter ξ∗s is defined by Eq. (34) of Ref.
[10]. Thus, in the particular case of λi = λ and Ri = 1,
the results for homogeneous states are consistent with
those derived before [10] in the dilute regime (φ→ 0).
In reduced form, Eq. (42) can be rewritten as
−γ∗i,s
∂
∂c
·cϕi,s−
γ∗i,s
2Miθs
∂2ϕi,s
∂c2
=
2∑
j=1
J∗ij [ϕi,s, ϕj,s], (46)
where Mi = mi/m and J
∗
ij = ℓJij/niv
1−d
0s , ℓ = 1/nσ
d−1
12
being proportional to the mean free path of hard spheres.
7The knowledge of the distributions ϕi allows us to get
the partial temperatures and the partial cooling rates.
In the case of elastic collisions (αij = 1), T1,s = T2,s =
Ts = Tex and hence, Eq. (46) admits the simple solution
ϕi,s = π
−d/2M
d/2
i e
−Mic
2
. However, the exact form of
the above distributions is not known for inelastic colli-
sions and hence, one has to consider approximate forms
for ϕi,s. In particular, previous results derived for driven
granular mixtures [34, 40, 41] have shown that the partial
temperatures can be well estimated by using Maxwellian
distributions at different temperatures for the scaled dis-
tributions ϕi,s(c):
ϕi,s(c)→ ϕi,M(c) = π−d/2βd/2i e−βic
2
, (47)
where βi =MiTs/Ti,s. The (reduced) cooling rate ζ
∗
i,s =
ℓζi,s/v0s can be determined by taking the approximation
(47) in Eq. (36). The result is
ζ∗i,s =
4π(d−1)/2
dΓ
(
d
2
) 2∑
j=1
xjχijµji
(
σij
σ12
)d−1(
βi + βj
βiβj
)1/2
× (1 + αij)
[
1− µji
2
(1 + αij)
βi + βj
βj
]
. (48)
The (reduced) partial temperatures θi,s = Ti,s/Tex can be
obtained from the steady state condition (40) for i = 1, 2.
In reduced form, the equation for θi,s can be written as
2λiθ
−1/2
s (1− θi,s)− ζ∗i,sθi,s = 0. (49)
Note that Eq. (17) imposes the constraint x1θ1,s +
x2θ2,s = θs. Substitution of Eq. (48) into the set of
equations (49) allows us to get the partial temperatures
in terms of the concentration x1, the solid volume frac-
tion φ, the (reduced) background temperature T ∗ex, and
the mechanical parameters of the mixture (mass and di-
ameter ratios and coefficients of restitution). In the low-
density limit, Eq. (49) is consistent with the one obtained
in Ref. [10] after making the change 2λiθ
−1/2
s = ξ∗s .
Figure 1 shows the dependence of the temperature ra-
tio T1,s/T2,s on the (common) coefficient of restitution α
(α ≡ α11 = α22 = α12) for a binary granular suspension
of hard spheres (d = 3). The lines are the theoretical re-
sults derived from the Enskog equation while the symbols
refer to the results obtained via event-driven MD simu-
lations [42, 43]. We have simulated a system constituted
by a total number of N = 203 inelastic, smooth hard
spheres. The system is inside a 3D box of size L with
periodic boundary conditions. In addition to the inter-
particle collisions, particles of each component change
their velocities due to the interactions with the bath
(with Ug = 0), as explained in Ref. [41]. Three different
values of the solid volume fractions φ have been analyzed:
φ = 0.00785, φ = 0.1, and φ = 0.2. The first system cor-
responds to a very dilute granular suspension while the
two latter can be considered as moderately dense gran-
ular suspensions. Two different values of the common
coefficient of restitution have been chosen, α = 0.8 and
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FIG. 1. Plot of the temperature ratio T1,s/T2,s versus the
mass ratio m1/m2 for a binary mixture of hard spheres (d =
3) with x1 =
1
2
, σ1/σ2 = 1, and two different values of the
(common) coefficient of restitution α: α = 0.8 (solid lines and
squares) and α = 0.9 (dashed lines and triangles). The lines
are the theoretical Enskog results and the symbols refer to
the MD simulation results. From top to bottom, the panel
(a) corresponds to φ = 0.00785, the panel (b) to φ = 0.1,
and the panel (c) to φ = 0.2. The value of the (reduced)
background temperature is T ∗ex = 1.
α = 0.9. Both values of α represent a moderate degree of
inelasticity. The symbols are the simulation data where
the squares are for α = 0.8 and the triangles are for
α = 0.9. The Enskog theoretical predictions are given by
the solid (α = 0.8) and dashed (α = 0.9) lines.
Figure 1 highlights the excellent agreement found be-
tween the Enskog theory and simulations in both the
low density limit (φ = 0.00785) and moderate density
(φ = 0.1). This agreement is kept for both values of in-
elasticity and over the whole range of mass ratios studied.
The agreement is also excellent for φ = 0.2 and α = 0.9;
more quantitative discrepancies appear for α = 0.8, spe-
8cially for large values of the mass ratio. These differences
between the Enskog theory and MD simulations for mod-
erate densities and strong inelasticity could be due to the
fact that the impact of the cumulants (which have been
neglected in our solution) on the temperature ratio could
be non-negligible in this region of the parameter space
or due to a failure of the Enskog theory (namely, molec-
ular chaos hypothesis fails at high densities and strong
inelasticity). In any case, the good performance of the
Enskog results found here for the temperature ratio con-
trasts with the results obtained in freely cooling granular
mixtures [33] where significant differences between theory
and simulations were found at φ = 0.2 (see for instance,
Fig. 2 of Ref. [33]).
In summary, the comparison performed here for the
temperature ratio in homogeneous steady states for gran-
ular suspensions shows again that the range of densities
for which the Enskog kinetic equation becomes reliable
likely decreases with increasing inelasticity. This find-
ing has been already achieved in some previous works
[41, 44–48]. However, despite this limitation, the Enskog
theory can be still considered as a remarkable theory for
describing transport properties for fluids with elastic and
inelastic collisions.
IV. CHAPMAN–ENSKOG SOLUTION OF THE
ENSKOG EQUATION
We assume now that the homogeneous steady state is
slightly perturbed by the presence of spatial gradients.
These gradients induce fluxes of mass, momentum, and
energy. The knowledge of these fluxes allows us to iden-
tify the relevant transport coefficients of the bidisperse
granular suspension. As in previous works on granular
mixtures [10, 22, 23, 49], we consider states that deviate
from the reference state (homogeneous time-dependent
state) by small spatial gradients. In this situation, the
set of Enskog equations (13) can be solved by means of
the Chapman–Enskog method [15] conveniently adapted
to take into account the inelasticity in collisions.
As usual, for times longer than the grain-grain mean
free time and distances larger than the grain-grain mean
free path, we assume that the granular suspension has
reached the so-called hydrodynamic regime [15, 50]. In
this regime, (i) the system has completely “forgotten” the
details of the initial conditions and in addition, (ii) the
hydrodynamic description is limited to the bulk domain
of the system (namely, a region far away from the bound-
aries). Under these conditions, the Chapman–Enskog
method seeks a special solution to the Enskog kinetic
equation: the so-called normal or hydrodynamic solu-
tion. This type of solution is characterized by the fact
that all space and time dependence of the distributions
fi(r,v, t) only occurs via a functional dependence on the
hydrodynamic fields.
On the other hand, as noted in previous papers of
granular mixtures [22, 49, 51], there is more flexibility in
the choice of the hydrodynamic fields for the mass and
heat fluxes of multicomponent granular fluids. Here, to
compare with the results previously derived for undriven
dense granular mixtures [22], we take the partial densities
n1 and n2, the temperature T , and the d components of
the local flow velocity U as the d+ 3 independent fields
of the binary mixture. Therefore, in the hydrodynamic
regime, the distributions fi(r,v, t) adopt the normal form
fi(r,v, t) = fi
[
v|n1(t), n2(t), T (t),U(t)
]
. (50)
The notation on the right-hand side of Eq. (50) indi-
cates a functional dependence on the partial densities,
temperature, and flow velocity. Note that the functional
dependence means that in order to determine fi at the
point r we need to know the fields not only at r but also
at the remaining points of the system. This is formally
equivalent to knowing n1, n2, T , and U and their spatial
derivatives at r.
Since we are perturbing the reference state with small
spatial gradients, we can simplify the functional depen-
dence (50) by expanding the distributions fi in powers
of the spatial gradients. In practice, in order to generate
this expansion, fi is expressed as a series expansion in a
formal or bookkeeping parameter ǫ:
fi = f
(0)
i + ǫf
(1)
i + ǫ
2f
(2)
i + · · · , (51)
where each factor ǫ means an implicit spatial gradient.
Moreover, in ordering the different level of approxima-
tions in the Enskog kinetic equation, one has to charac-
terize the magnitude of the friction coefficients γi, the
gravity field g, and the term ∆U relative to the spatial
gradients. As in the case of elastic collisions [15], since
the gravity field induces a pressure gradient ∇p (the so-
called barometric formula), it is assumed first that the
magnitude of g is at least of first-order in the perturba-
tion expansion. In addition, since γi does not give rise to
any flux in the mixture, it is considered to be to zeroth-
order in gradients. Finally, with respect to the term ∆U,
it is expected that this term is at least to first-order in
gradients because U relaxes to Ug in the absence of gra-
dients.
As in the conventional Chapman–Enskog method [15],
the time derivative ∂t is also expanded as
∂t = ∂
(0)
t + ǫ∂
(1)
t + · · · . (52)
These expansions lead to similar expansions for the En-
skog operators Jij
Jij = J
(0)
ij + ǫJ
(1)
ij + · · · , (53)
and the fluxes and the cooling rate when substituted into
Eqs. (23)–(30):
ji = j
(0)
i + ǫj
(1)
i + · · · , P = P(0) + ǫP(1) + · · · , (54)
q = q(0) + ǫq(1) + · · · , ζ = ζ(0) + ǫζ(1) + · · · . (55)
9In addition, although the partial temperatures Ti are not
hydrodynamic quantities, they must be also expanded in
powers of the gradients as [17, 21]
Ti = T
(0)
i + ǫT
(1)
i + · · · . (56)
As usual, the hydrodynamic fields ni, U, and T are
defined in terms of the zeroth-order approximation:∫
dv
(
fi − f (0)i
)
= 0, (57)
2∑
i=1
∫
dv
{
miv,
mi
2
V 2
}(
fi − f (0)i
)
= {0, 0} . (58)
Since the constraints (57) and (58) must hold at any order
in ǫ, one has ∫
dvf
(ℓ)
i = 0, (59)
and
2∑
i=1
∫
dv
{
miv,
mi
2
V 2
}
f
(ℓ)
i = {0, 0} , (60)
for ℓ ≥ 1. A consequence of Eq. (60) is that j(ℓ)1 = −j(ℓ)2
and n1T
(ℓ)
1 = −n2T (ℓ)2 for ℓ ≥ 1. This is the usual appli-
cation of the Chapman–Enskog method to solve kinetic
equations. Here, we will restrict our calculations to first
order in ǫ; the so-called Navier–Stokes hydrodynamic or-
der.
A. Zeroth-order approximation
To zeroth order in ǫ, the Enskog kinetic equation (13)
for f
(0)
i reads
∂
(0)
t f
(0)
i −γi
∂
∂v
·Vf (0)i −γi
Tex
mi
∂2f
(0)
i
∂v2
=
2∑
j=1
J
(0)
ij [f
(0)
i , f
(0)
j ],
(61)
where the collision operator J
(0)
ij [f
(0)
i , f
(0)
j ] is given by Eq.
(32) with the replacement fi → f (0)i (r,v, t). The balance
equations at this order give
∂
(0)
t ni = 0, ∂
(0)
t U = 0, (62)
and
∂
(0)
t T = 2
2∑
i=1
xiγi
(
Tex − T (0)i
)
− ζ(0)T, (63)
where ζ(0) is determined by Eq. (34) to zeroth order. In
terms of ζ
(0)
i , ζ
(0) is given by Eq. (37). An accurate es-
timate of ζ
(0)
i is obtained by considering the Maxwellian
approximation (47) to ϕi. In this case, ζ
(0)
i = v0ζ
∗
i,0/ℓ
where v0(T ) =
√
2T/m and ζ∗i,0 is given by Eq. (48)
with the replacements xi → xi(r, t), χij → χ(0)ij (r, t),
Ti,s → T (0)i (r, t), and Ts → T (r, t). Here, χ(0)ij is obtained
from the functional χij (r, r± σij | {nℓ}) by evaluating all
the densities nℓ at the point of interest r. Furthermore, in
Eqs. (62) and (63), use has been made of the isotropy in
velocity of the zeroth-order distributions f
(0)
i which lead
to j
(0)
i = q
(0) = 0 and Pλβ = pδλβ , where the hydrostatic
pressure p is [22]
p = nT +
πd/2
dΓ
(
d
2
) 2∑
i=1
2∑
j=1
µjininjσ
d
ijχ
(0)
ij T
(0)
i (1 + αij).
(64)
Since f
(0)
i is a normal solution and the zeroth-order
time derivatives of ni and U are zero, then ∂
(0)
t f
(0)
i =
(∂T f
(0)
i )∂
(0)
t T where ∂
(0)
t T is given by Eq. (63). With
this result, Eq. (61) can be rewritten as
Λ(0)T
∂f
(0)
i
∂T
− γi ∂
∂v
·Vf (0)i −
γiTex
mi
∂2f
(0)
i
∂v2
=
2∑
j=1
J
(0)
ij [f
(0)
i , f
(0)
j ], (65)
where
Λ(0) ≡ 2
2∑
i=1
xiγi
(
θ−1 − τi
)− ζ(0). (66)
Although Eq. (65) has the same form as the one cor-
responding Enskog equation (39) for a strictly homoge-
neous state, the zeroth-order solution f
(0)
i (r,v, t) is a lo-
cal distribution function. In fact, the stationary solution
to Eq. (65) corresponds to Λ(0) = 0 and has been previ-
ously studied in Sec. III. However, as noted in previous
works [10, 14, 37, 52], since the densities ni(r, t) and the
granular temperature T (r, t) are defined separately in the
local reference state f
(0)
i , then the temperature is in gen-
eral a time-dependent function (∂
(0)
t T 6= 0). Thus, the
distribution f
(0)
i depends on time through its dependence
on the temperature.
The solution to Eq. (65) can be expressed in the form
(43) (with the replacements γ∗i,s → γ∗i and θs → θ) where
the scaled distribution ϕi verifies the unsteady equation[
2
2∑
i=1
xiγ
∗
i
(
θ−1 − τi
)− ζ∗0]θ∂ϕi∂θ +
[
ζ∗0
2
−
2∑
i=1
xiγ
∗
i
× (θ−1 − τi)− γ∗i ] ∂∂c · cϕi − γ∗i2Miθ ∂
2ϕi
∂c2
=
2∑
j=1
J∗ij [ϕi, ϕj ]. (67)
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FIG. 2. Plot of the derivatives ∆θ,1 (a), ∆λ1,1 (b), ∆x1,1 (c),
and ∆φ,1 (d) for d = 3, x1 =
1
2
, m1/m2 = 10, σ1/σ2 = 1,
φ = 0.2, and T ∗ex = 0.1.
Here, the derivative ∂ϕi/∂θ is taken at constant c, ζ
∗
0 =
ℓζ(0)/v0, γ
∗
i = λiθ
−1/2, and upon deriving Eq. (67) use
has been of the property
T
∂f
(0)
i
∂T
= −1
2
∂
∂V
·Vf (0)i + niv−d0 θ
∂ϕi
∂θ
. (68)
The evolution of the temperature ratios τi may be easily
obtained by multiplying Eq. (67) by c2 and integrating
over c. In compact form, the result can be written as
Λ∗θ
∂τi
∂θ
= −τiΛ∗ + Λ∗i , (69)
where τi = T
(0)
i /T ,
Λ∗ =
ℓΛ(0)
v0
= x1Λ
∗
1 + x2Λ
∗
2, (70)
and
Λ∗i = 2γ
∗
i
(
θ−1 − τi
)− τiζ∗i,0. (71)
In the steady state (Λ∗ = Λ∗i = 0), Eqs. (69) are con-
sistent with Eqs. (49) for i = 1, 2. Beyond the steady
state, Eq. (69) must be numerically solved to obtain
the dependence of τ1 and τ2 on θ. In addition, as will
be shown in Sec. V, to determine the diffusion trans-
port coefficients in the steady state one needs to know
the derivatives ∆θ,1 ≡ (∂τ1/∂θ)s, ∆λ1,1 ≡ (∂τ1/∂λ1)s,
∆x1,1 ≡ (∂τ1/∂x1)s, and ∆φ,1 ≡ (∂τ1/∂φ)s. Here, as
before, the subscript s means that all the derivatives are
evaluated at the steady state. Since λ2 = (R2/R1)λ1,
then (∂τ1/∂λ2)s = (R1/R2)(∂τ1/∂λ1)s. Analytical ex-
pressions of these derivatives are provided in the Ap-
pendix A.
The dependence of the derivatives ∆θ,1, ∆λ1,1, ∆x1,1,
and ∆φ,1 on the common coefficient of restitution αij ≡
α is plotted in Fig. 2. We have considered a three-
dimensional system (d = 3) with x1 =
1
2 , m1/m2 = 10,
σ1/σ2 = 1, φ = 0.2, and T
∗
ex = 0.1. We observe that
in general the magnitude of the derivatives is not negli-
gible, specially the derivatives ∆θ,1 and ∆φ,1 at strong
inelasticity.
B. First-order approximation
The analysis to first order in spatial gradients is more
complex than that of the zeroth order. It follows simi-
lar steps as those worked out for undriven dense granular
mixtures [22, 23] and driven dilute granular mixtures [10].
Some technical details are displayed in the Appendix B
for the sake of completeness. The first-order velocity dis-
tribution functions f
(1)
i are given by
f
(1)
i = Ai · ∇ lnT +
2∑
j=1
Bij · ∇ lnnj + Ci,λβ 1
2
(
∂λUβ
+∂βUλ − 2
d
δλβ∇ ·U
)
+Di∇ ·U+ Ei ·∆U,
(72)
where ∂β ≡ ∂/∂rβ. The unknowns Ai(V), Bij(V),
Ci,λβ(V), Di(V), and E i(V) are functions of the peculiar
velocity and they are the solutions of the linear integral
equations (B19)–(B23).
On the other hand, as already pointed out in previous
works [10, 14, 37], the evaluation of the transport coef-
ficients under unsteady conditions requires one to know
the complete time dependence of the first-order correc-
tions to the mass, momentum, and heat fluxes. This is
quite an intricate problem. A more tractable situation
occurs when one is interested in evaluating the trans-
port coefficients in steady-state conditions. In this case,
since the fluxes j
(1)
1 , P
(1)
λβ , and q
(1) are of first order in
gradients, then the transport coefficients must be deter-
mined to zeroth order in the deviations from the steady
state (namely, when the condition Λ(0) = 0 applies). In
this situation, the set of coupled linear integral equations
(B19)–(B23) becomes, respectively,
−
2 2∑
j=1
γjxj
(
θ−1 + θ
∂τj
∂θ
)
+
1
2
ζ(0) + ζ(0)θ
∂ ln ζ∗0
∂θ
Ai − γi ∂
∂v
·VAi − γiTex
mi
∂2
∂v2
Ai
+(γ2 − γ1)DT1
∂f
(0)
i
∂V
−
2∑
j=1
(
J
(0)
ij
[
Ai, f
(0)
j
]
+ J
(0)
ij
[
f
(0)
i ,Aj
])
= Ai, (73)
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−γi ∂
∂v
·VBij − γiTex
mi
∂2
∂v2
Bij + (γ2 − γ1) m1ρj
ρ2
D1j
∂f
(0)
i
∂V
−
2∑
ℓ=1
(
J
(0)
iℓ
[
Bij , f
(0)
ℓ
]
+ J
(0)
iℓ
[
f
(0)
i ,Bℓj
])
= Bij
+
[
nj
∂ζ(0)
∂nj
− 2nj
2∑
ℓ=1
{
γℓxℓ
[(
θ−1 − τℓ
)(∂ ln γℓ
∂nj
+
∂ lnxℓ
∂nj
)
−
(
∂τℓ
∂x1
∂x1
∂nj
+
∂τℓ
∂λ1
∂λ1
∂nj
+
∂τℓ
∂φ
∂φ
∂nj
)]}]
Ai, (74)
− γi ∂
∂v
·VCi,λβ − γiTex
mi
∂2
∂v2
Ci,λβ −
2∑
j=1
(
J
(0)
ij
[
Ci,λβ , f (0)j
]
+ J
(0)
ij
[
f
(0)
i , Cj,λβ
])
= Ci,λβ , (75)
− γi ∂
∂v
·VDi − γiTex
mi
∂2
∂v2
Di −
ζ(1,1)T + 2 2∑
j=1
γjxj̟j
 ∂f (0)i
∂T
−
2∑
j=1
(
J
(0)
ij
[
Di, f (0)j
]
+ J
(0)
ij
[
f
(0)
i ,Dj
])
= Di, (76)
− γi ∂
∂v
·VE i − γiTex
mi
∂2
∂v2
Ei + ρ
−1 (γ2 − γ1)DU1
∂f
(0)
i
∂V
−
2∑
j=1
(
J
(0)
ij
[
E i, f
(0)
j
]
+ J
(0)
ij
[
f
(0)
i ,Ej
])
= Ei. (77)
The explicit forms of the coefficients Ai, Bij , Ci,λβ , Di, and Ei are given by Eqs. (B11)–(B15), respectively. These
coefficients are functions of V and the hydrodynamic fields.
Upon writing Eqs. (73), (74), and (77), use has been
made of the constitutive equation of the mass flux j
(1)
1 to
first-order in spatial gradients:
j
(1)
i = −
2∑
j=1
miρj
ρ
Dij∇ lnnj − ρDTi ∇ lnT −DUi ∆U.
(78)
In Eq. (78), Dij are the mutual diffusion coefficients, D
T
i
are the thermal diffusion coefficients, and DUi are the
velocity diffusion coefficients. Since j
(1)
1 = −j(1)2 , then
D21 = −(m1/m2)D11, D22 = −(m1/m2)D12, DT2 =
−DT1 , and DU2 = −DU1 . In addition, the form of the
first-order contribution ζ(1) to the cooling rate has been
also employed to obtain Eq. (76). This coefficient can be
written as
ζ(1) = ζU∇ ·U, (79)
where
ζU = ζ
(1,0) + ζ(1,1). (80)
The coefficient ζ(1,0) is defined by Eq. (B8) while ζ(1,1)
is a functional of the unknowns Di. Its form is given
by Eq. (B25). Also, in Eq. (76), use has been made of
the first-order contribution to the partial temperatures
T
(1)
1 = −n2T (1)2 /n1. Since T (1)i is a scalar, it is coupled
to ∇ ·U and has the form [17, 21]
T
(1)
i = ̟i∇ ·U, (81)
where
̟i =
mi
dni
∫
dv V 2Di(V). (82)
The direct integration of Eqs. (B11)–(B15) for the
functions Ai, Bij , Ci,λβ , Di, and Ei yields the follow-
ing conditions:∫
dv (Ai,Bij , Ci,λβ , Di,Ei) = (0,0, 0, 0,0) , (83)
2∑
i=1
∫
dvmiVµ

Ai,λ
Bi,λ
Ci,λβ
Di
Ei,λ
 =

0
0
0
0
0
 , (84)
2∑
i=1
∫
dv
1
2
miV
2
 AiBiDi
Ei
 =
 000
0
 , (85)
and
2∑
i=1
∫
dv
1
2
miV
2Ci,λβ
(
∂λUβ + ∂βUλ − 2
d
δλβ∇ ·U
)
= 0.
(86)
Since Ai ∝ Ai, Bij ∝ Bij , Ci,λβ ∝ Ci,λβ , Di ∝ Di, and
Ei ∝ Ei, then the solubility conditions (59) and (60) are
fulfilled and so, there exist solutions to the integral equa-
tions (73)–(76); this is the so-called Fredholm alternative
[53].
V. NAVIER–STOKES TRANSPORT
COEFFICIENTS
The forms of the constitutive equations for the irre-
versible fluxes to first-order in spatial gradients can be
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written using simple symmetry arguments [18]. While
the mass flux j
(1)
i of the component i is given by Eq.
(78), the pressure tensor Pλβ has the form
P
(1)
λβ = −η
(
∂λUβ + ∂βUλ − 2
d
δλβ∇ ·U
)
− δλβηb∇ ·U,
(87)
while the heat flux q(1) can be written as
q(1) = −
2∑
i=1
2∑
j=1
T 2Dq,ij∇ lnnj − Tκ∇ lnT + κU∆U.
(88)
In Eqs. (87)–(88), η is the shear viscosity coefficient, ηb is
the bulk viscosity coefficient, κ is the thermal conductiv-
ity coefficient, κU is the velocity conductivity, and Dq,ij
are the partial contributions to the Dufour coefficients
Dq,i defined as [18]
Dq,i =
2∑
ℓ=1
Dq,ℓi. (89)
The transport coefficients associated with the mass
flux are defined as
DTi = −
mi
dρ
∫
dv V ·Ai(V), (90)
Dij = − ρ
dρj
∫
dv V ·Bij(V), (91)
DUi = −
mi
d
∫
dv V · E i(V). (92)
As said in Sec. II, in contrast to the mass flux, the
pressure tensor and heat flux have kinetic and collisional
contributions. To first-order, their kinetic contributions
are
P
k(1)
λβ =
2∑
i=1
∫
dv miVλVβfi(V), (93)
qk(1) =
2∑
i=1
∫
dv
mi
2
V 2Vfi(V). (94)
According to Eqs. (87) and (93), the kinetic contribution
ηk to the shear viscosity can be written as ηk =
∑2
i=1 η
k
i ,
where [18]
ηki = −
1
(d− 1)(d+ 2)
∫
dv miVλVβCi,λβ(V). (95)
In the case of the heat flux, according to Eqs. (88) and
(94), the kinetic contribution Dkq,ij to the Dufour coeffi-
cient is
Dkq,ij = −
1
dT 2
∫
dv
1
2
miV
2V ·Bij (V) , (96)
while the kinetic contributions κk and κ
k
U to the thermal
and velocity conductivity coefficients, respectively, can
be written as κk =
∑2
i=1 κ
k
i and κ
k
U =
∑2
i=1 κ
Uk
i , where
κki = −
1
dT
∫
dv
1
2
miV
2V ·Ai (V) . (97)
κUki = −
1
d
∫
dv
1
2
miV
2V · Ei (V) . (98)
Collisional contributions to the pressure tensor and
heat flux can be obtained by expanding Eqs. (27) and
(28) to first-order in spatial gradients. A careful analysis
shows that those collisional contributions are formally the
same as those obtained in the dry granular case [18, 21–
23]. In particular, the bulk viscosity (which has only
collisional contributions) can be written as
ηb = η
′
b + η
′′
b , (99)
where
η′b =
π(d−1)/2
Γ
(
d+3
2
) d+ 1
2d2
2∑
i=1
2∑
j=1
mij (1 + αij)χ
(0)
ij σ
d+1
ij
×
∫
dv1
∫
dv2f
(0)
i (V1)f
(0)
j (V2)g12, (100)
and
η′′b = −
πd/2
dΓ
(
d
2
) 2∑
i=1
2∑
j=1
µji (1 + αij)χ
(0)
ij ninjσ
d
ij̟i.
(101)
The second contribution η′′b to ηb was neglected in the
previous works on granular mixtures [18, 22, 23] because
it was implicitly assumed that its contribution to the bulk
viscosity was quite small. On the other hand, this influ-
ence was already accounted for in the pioneering studies
on ordinary (elastic collisions) hard-sphere mixtures [54–
56] and has been recently calculated [21] in the case of
(dry) polydisperse dense granular mixtures.
The collisional contribution ηc to the shear viscosity is
ηc =
2πd/2
d(d+ 2)Γ
(
d
2
) 2∑
i=1
2∑
j=1
µij (1 + αij)χ
(0)
ij niσ
d
ijη
k
j
+
d
d+ 2
η′b. (102)
The expressions of the collisional contributions to the
heat flux transport coefficients are more intricate than
that of ηb and ηc. Their explicit forms can be found in
Ref. [18].
VI. APPROXIMATE RESULTS. LEADING
SONINE APPROXIMATIONS
The evaluation of the complete set of transport coef-
ficients of the binary granular suspension is a quite long
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task. In this paper, we will focus on our attention in
obtaining the transport coefficients associated with the
mass flux (Dij , D
T
i , and D
U
i ), the shear viscosity coeffi-
cient η, and the partial temperatures T
(1)
i . To determine
them, one has to solve the set of coupled linear integral
equations (73)–(77) as well as to know the forms of the
zeroth-order distributions f
(0)
i . With respect to the lat-
ter, as noted in Sec. III, f
(0)
i is well represented by the
Maxwellian velocity distribution function
f
(0)
i (V)→ fi,M(V) = ni
(
mi
2πT
(0)
i
)d/2
exp
(
−miV
2
2T
(0)
i
)
.
(103)
This means that we neglect here non-Gaussian correc-
tions to the distributions f
(0)
i and hence, one expects to
get simple but accurate expressions for the transport co-
efficients. By using the Maxwellian approximation (103),
the collisional contribution η′b is
η′b =
π(d−1)/2
d2Γ
(
d
2
) v0 2∑
i=1
2∑
j=1
mij (1 + αij)χ
(0)
ij ninjσ
d+1
ij
×
(
βi + βj
βiβj
)1/2
. (104)
Regarding the unknowns (Ai,Bij , Ci,λβ ,Di,Ei), as
usual we will expand them in a series expansion of or-
thogonal polynomials (Sonine polynomials) [35] and we
will truncate this expansion by considering only the lead-
ing term (lowest degree polynomial). In particular, the
collisional contribution η′′b will be estimated latter when
we determine ̟i in the first Sonine approximation.
A. Diffusion transport coefficients
In the case of the transport coefficients Dij , D
T
i , and
DUi , the leading Sonine approximations to Ai, Bij , and
Ei are, respectively,
Ai(V)→ − ρ
niTi
DTi fi,M(V)V, (105)
Bij(V)→ −miρj
ρniTi
Dijfi,M(V)V, (106)
Ei(V)→ − D
U
i
niTi
fi,M(V)V. (107)
In order to determine the above diffusion coefficients,
we substitute firstAi, Bij , and Ei by their leading Sonine
approximations (105)–(107) in Eqs. (73), (74), and (77),
respectively. Then, we multiply these equations by miV
and integrate over velocity. The final forms of the set
of algebraic equations defining the transport coefficients
DTi , Dij , and D
U
i are given by Eqs. (C1)–(C3) of the
Appendix C.
The solution to the set of Eqs. (C1)–(C3) provides the
dependence of the (relevant) diffusion coefficients D11,
D12, D
T
1 , and D
U
1 on the coefficients of restitution αij ,
the concentration x1, the solid volume fraction φ, the
masses and diameters of the constituents of the mixture,
and the (reduced) background temperature T ∗ex. In par-
ticular, the expression of DU1 is
DU1 = ρ1ρ2
γ1 − γ2
ρνD + ρ1γ2 + ρ2γ1
, (108)
where νD is defined by Eq. (C11). The explicit form
of the thermal diffusion coefficient DT1 is given by Eq.
(C10). The expressions of D11 and D12 can be obtained
by solving the set of Eqs. (C2). Their forms are very
large and will be omitted here for the sake of simplicity.
Equations (108) and (C10) show that DU1 and D
T
1 are
antisymmetric with respect to the change 1 ↔ 2 as ex-
pected. This can be easily verified since x1τ1+x2τ2 = 1,
∆θ,1 = −(x2/x1)∆θ,2, and
∂p∗
∂θ
=
πd/2
dΓ
(
d
2
) 2∑
i=1
2∑
j=1
µjixinjσ
d
ijχ
(0)
ij ∆θ,i(1 + αij),
(109)
where p∗ ≡ p/(nT ) is the reduced hydrostatic pressure.
Furthermore, in the case of mechanically equivalent par-
ticles (m1 = m2, σ1 = σ2, χ
(0)
ij = χ
(0), and αij = α), Eqs.
(C2) and (C10) yield x1D
∗
11 + x2D
∗
12 = 0 and D
T∗
1 = 0,
as expected. Here, we have introduced the scaled coef-
ficients D∗ij ≡ Dij(α)/Dij(1) and DT∗1 ≡ DT1 (α)/DT1 (1)
where Dij(1) and D
T
1 (1) refer to the values of Dij and
DT1 , respectively, for elastic collisions. The above rela-
tions confirm the self-consistency of the expressions for
the diffusion coefficients reported in this paper.
B. Shear viscosity coefficient
The kinetic contribution to the shear viscosity ηk =
ηk1 + η
k
2 , where the partial contributions η
k
i are defined
by Eq. (95). To determine the kinetic coefficients ηki ,
the function Ci,λβ(V) is estimated by its leading Sonine
approximation
Ci,λβ(V)→ −fi,M(V)Ri,λβ(V) η
k
i
niT
(0)
i
2 , (110)
where
Ri,λβ(V) = mi
(
VλVβ − 1
d
δλβV
2
)
. (111)
As in the case of the diffusion coefficients, the partial
contributions ηki are obtained by substituting Eq. (110)
into the integral equation (75), multiplying it by Ri,λβ
and integrating over the velocity. After some algebra,
one achieves the set of algebraic equations (C12). The
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solution to the set (C12) provides the partial contribu-
tions ηki . Their sum then gives the kinetic coefficient
ηk. Finally, by adding this to the collisional contribution
(102) we have the total shear viscosity.
C. First-order contributions to the partial
temperatures
Finally, we consider the first-order contribution T
(1)
i to
the partial temperature Ti. This coefficient is defined by
Eqs. (81) and (82). As said before, the coefficients T
(1)
i
(i = 1, 2) have been recently determined for dry granular
mixtures [21]. To determine ̟i, we consider the leading
Sonine approximation to Di(V) given by
Di(V)→ fiM(V)Wi(V) ̟i
T
(0)
i
, Wi(V) =
miV
2
2T
(0)
i
− d
2
.
(112)
The coefficients ̟i are coupled with the coefficients
ζ(1,1) through Eq. (B25). The explicit relation between
ζ(1,1) and ̟i can be easily obtained by substitution of
Eq. (112) into Eq. (B25), with the result
ζ(1,1) =
2∑
i=1
ξi̟i, (113)
where
ξi =
3π(d−1)/2
2dΓ
(
d
2
) v30
nTT
(0)
i
2∑
j=1
ninjσ
d−1
ij χ
(0)
ij mij(1− α2ij)
× (βi + βj)1/2 β−3/2i β−1/2j . (114)
As usual, in order to obtain the coefficients ̟i, one
substitutes first Eq. (112) into Eq. (76) and then multi-
plies it with miV
2 and integrates over the velocity. Af-
ter some algebra, one gets the set of coupled equations
(C18). A careful inspection to the set of Eqs. (C18)
shows that ̟1 = −(x2/x1)̟2 as the solubility condi-
tion (60) requires. This is because x1τ1 + x2τ2 = 1,
∆θ,2 = −(x2/x1)∆θ,1, and ω11 − (x1/x2)ω12 + ξ1/x1 =
ω22−(x2/x1)ω21+ξ2/x2. The condition x1̟1+x2̟2 = 0
guarantees that the temperature T is not affected by the
spatial gradients.
The solution to Eq. (C18) gives ̟1 in terms of the
parameters of the mixture. On the other hand, its ex-
plicit form is relatively long and is omitted here for the
sake of brevity. A simple but interesting case corre-
sponds to elastic collisions (molecular or ordinary sus-
pensions) where ξi = 0, τi = 1, β1 = 2µ12, β2 = 2µ21,
∆θ,i = ∆x1,i = ∆λ1,i = ∆φ,i = 0, and so ̟1 is simply
given by
̟1 =
4πd/2
d2Γ
(
d
2
)T n2σd12χ(0)12 (x2µ21 − x1µ12) + 12x2
(
n1σ
d
1χ
(0)
11 − n2σd2χ(0)22
)
ω11 − x1x2ω12 − 2 (x2γ1 + x1γ2)
. (115)
Equation (115) is consistent with the one derived many
years ago by Karkheck and Stell [55] for ordinary hard-
sphere mixtures (γ1 = γ2 = 0).
Once the first-order contributions to the partial tem-
peratures are known, the first-order contribution ζU to
the cooling rate can be explicitly obtained from Eqs.
(80), (B8), and (113). In addition, the contribution η′′b
to the bulk viscosity ηb can be obtained from Eq. (101)
and hence, the bulk viscosity is completely determined
by Eqs. (101) and (104).
VII. SOME ILLUSTRATIVE SYSTEMS
The results derived in Sec. VI for the diffusion trans-
port coefficients, the shear and bulk viscosities and the
first-order contributions to the partial temperatures and
the cooling rate depend on the background temperature
Tex, the concentration x1, the density or volume frac-
tion φ, and the mechanical parameters of the binary
mixture (masses, diameters, and coefficients of restitu-
tion). As in our previous paper [10] on dilute gran-
ular suspensions, given that the new relevant feature
is the dependence of the transport coefficients on in-
elasticity, we scale these coefficients with respect to
their values for elastic collisions. Thus, the scaled
transport coefficients depend on the parameter space:
{T ∗ex, x1,m1/m2, σ1/σ2, φ, α11, α22, α12}. Moreover, for
the sake of simplicity, the case of a common coeffi-
cient of restitution (α11 = α22 = α12 ≡ α) of an
equimolar hard-sphere mixture (x1 =
1
2 and d = 3)
with a background temperature T ∗ex = 0.1 is consid-
ered. This reduces the parameter space to four quan-
tities: {m1/m2, σ1/σ2, φ, α}.
To display the dependence of the transport coefficients
on the coefficient of restitution, we have to provide the
form for the pair distribution function χ
(0)
ij . In the case of
spheres (d = 3), a good approximation of χ
(0)
ij is [57–59]
χij =
1
1− φ+
3
2
φ
(1− φ)2
σiσjM2
σijM3
+
1
2
φ2
(1− φ)3
(
σiσjM2
σijM3
)2
,
(116)
where Mℓ =
∑
i xiσ
ℓ
i . In addition, the functions Ri are
defined by Eq. (11).
Figure 3 shows the α-dependence of the reduced dif-
fusion coefficients D∗ij , D
T∗
1 , and D
U∗
1 for m1/m2 = 4,
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FIG. 3. Plot of the (reduced) diffusion coefficients DT∗1 (a),
DU∗1 (b), D
∗
11 (c), and D
∗
12 (d) as a function of the common
coefficient of restitution α for an equimolar mixture (x1 =
1
2
)
of hard spheres (d = 3) with σ1/σ2 = 1, m1/m2 = 4, φ = 0.2,
and T ∗ex = 0.1.
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FIG. 4. Plot of the (reduced) shear viscosity coefficient
η(α)/η(1) as a function of the common coefficient of resti-
tution α for an equimolar mixture (x1 =
1
2
) of hard spheres
(d = 3) with σ1/σ2 = 1, φ = 0.2, and T
∗
ex = 0.1. Two differ-
ent values of the mass ratio are considered: m1/m2 = 0.5 (a)
and m1/m2 = 4 (b).
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FIG. 5. Plot of the (reduced) coefficient ̟∗1 as a function
of the common coefficient of restitution α for an equimolar
mixture (x1 =
1
2
) of hard spheres (d = 3) with σ1/σ2 = 1,
φ = 0.2, and T ∗ex = 0.1. Three different values of the mass
ratio are considered: m1/m2 = 0.5 (a), m1/m2 = 4 (b), and
m1/m2 = 10 (c).
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FIG. 6. Plot of the (reduced) bulk viscosity coefficient
ηb(α)/ηb(1) as a function of the common coefficient of resti-
tution α for an equimolar mixture (x1 =
1
2
) of hard spheres
(d = 3) with σ1/σ2 = 1, φ = 0.2, and T
∗
ex = 0.1. Two dif-
ferent values of the mass ratio are considered: m1/m2 = 0.5
(a) and m1/m2 = 10 (b). The dashed lines are the results for
the (reduced) bulk viscosity when the contribution η′′b to ηb
is neglected.
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FIG. 7. Plot of the magnitude of the (reduced) coefficient
ζU as a function of the common coefficient of restitution α
for an equimolar mixture (x1 =
1
2
) of hard spheres (d = 3)
with σ1/σ2 = 1, φ = 0.2, and T
∗
ex = 0.1. Two different
values of the mass ratio are considered: m1/m2 = 0.5 (a) and
m1/m2 = 10 (b). The dashed lines are the results for the
coefficient ζU when the contribution ζ
(1,1) to ζU is neglected.
σ1/σ2 = 1, and φ = 0.1. We recall that D
∗
ij ≡
Dij(α)/Dij(1), D
T∗
1 ≡ DT1 (α)/DT1 (1), and DU∗1 ≡
DU1 (α)/D
U
1 (1), where Dij(1), D
U
1 (1), and D
T
1 (1) are the
values of the diffusion transport coefficients for elastic
collisions. It is quite apparent first that the effect of in-
elasticity on diffusion coefficients is in general significant
since the forms of the scaled coefficients D∗ij , D
U∗
1 , and
DT∗1 differs clearly from their elastic counterparts. This
is specially relevant in the case of the thermal diffusion
coefficient DT∗1 . In addition, a comparison with the re-
sults obtained for dry granular mixtures (see for instance,
Figs. 5.5, 5.6, and 5.7 of Ref. [18] for the same mixture
parameters) reveals significant differences between dry
(no gas phase) and gas-solid flows when grains are me-
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chanically different. Thus, while D∗11 and D
∗
12 increase
with inelasticity for dry granular mixtures, the opposite
happens for granular suspensions since they decrease as
increasing inelasticity. The qualitative α-dependence of
DT∗1 is similar in both dry and gas-solid flows, although
the influence of inelasticity on DT∗1 is much more impor-
tant in the latter case.
We consider now the (reduced) shear viscosity η∗ ≡
η(α)/η(1). Figure 4 shows η∗ versus α for σ1/σ2 = 1,
φ = 0.2, and two different values of the mass ratio. As
with the diffusion coefficients, the effect of inelasticity on
the shear viscosity is again significant since the inelastic-
ity hinders the transport of momentum. Regarding the
comparison with dry granular mixtures, we find quali-
tative differences since both theory [24, 39, 60, 61] and
simulations [18, 62] have shown that while for relatively
dilute dry granular gases η∗ increases with inelasticity,
the opposite occurs for sufficiently dense granular mix-
tures. This non-monotonic behavior with density con-
trasts with the results obtained here for multicomponent
granular suspensions since the scaled coefficient η∗ al-
ways decreases with increasing inelasticity regardless of
the value of the solid volume fraction φ. With respect to
the influence of the mass ratio on the shear viscosity, we
see that its impact on η∗ is relatively small. In particu-
lar, at a given value of α, η∗ decreases with decreasing
the mass ratio m1/m2.
An interesting quantity is the first-order contribution
̟1 to the partial temperature T1. The reduced coefficient
̟∗1 ≡ (nσ212v0/T )̟1 is plotted in Fig. 6 as a function of
α for σ1/σ2 = 1, φ = 0.2, and three different values of
the mass ratio. We observe that the influence of inelas-
ticity on ̟∗1 is important, specially for high mass ratios.
However, Fig. 6 highlights that the magnitude of ̟∗1 is
much smaller than the other transport coefficients and
hence, the impact of the first-order contribution T
(1)
1 on
both the bulk viscosity ηb (through the coefficient η
′′
b )
and the first-order contribution ζU (through the coeffi-
cient ζ(1,1)) to the cooling rate is expected to be small.
This is confirmed by Figs. 6 and 7 for the reduced co-
efficients ηb(α)/ηb(1) and ζU , respectively. It is quite
apparent that the theoretical predictions for the above
coefficients with and without the contribution of ̟∗1 are
practically identical, specially in the case of the bulk vis-
cosity. As the shear viscosity coefficient, we also see that
the bulk viscosity decreases with increasing inelasticity
(independent of the mass ratio considered). Moreover,
as for dry granular mixtures [21], the coefficient ζU is
always negative and its magnitude increases with inelas-
ticity.
In summary, the mass and momentum transport coef-
ficients for a multicomponent granular suspension differ
significantly from those for dry granular mixtures. In
most of cases, the differences become greater with in-
creasing inelasticity, and depending on the cases, there is
a relevant influence of the mass ratio.
VIII. DISCUSSION
This paper has been focused on the determination of
the Navier–Stokes transport coefficients of a binary gran-
ular suspension at moderate densities. The starting point
of our study has been the set of Enskog kinetic equations
for the velocity distribution functions fi(r,v, t) of the
solid particles. The effect of the gas phase on the solid
particles has been accounted for by an effective force con-
stituted by two terms, namely a viscous drag force pro-
portional to the velocity of the particles and a stochas-
tic Langevin-like term. Therefore, we have considered a
simplified model where the effect of the interstitial gas on
grains is explicitly accounted for but the state of the sur-
rounding gas is assumed to be independent of the solid
particles. On the other hand, this model is inspired in
numerical and experimental results that can be found in
the granular literature [29]. This fact is reflected in the
functional dependence of the friction coefficients γi on
both the partial φi and global φ = φ1 + φ2 volume frac-
tions, and the mechanical properties of grains (massesmi
and diameters σi).
We have derived the Navier–Stokes hydrodynamic
equations in two steps. First, the macroscopic balance
equations (20)–(22) have been obtained from the Enskog
equation (1). Particularly, these equations include terms
that account for the impact of the gas phase on grains
and the kinetic and collisional contributions to the fluxes
are expressed as functionals of the velocity distribution
functions fi. Second, the mass, momentum, and heat
fluxes, together with the cooling rate appearing in the
hydrodynamic equations have been evaluated by solving
the Enskog equation by means of the Chapman–Enskog
method up to first order in the spatial gradients. The
constitutive equation for the mass flux is given by Eq.
(78) where the diffusion coefficients DTi , Dij , and D
U
i
are defined by Eqs. (90)–(92), respectively. The pressure
tensor is given by Eq. (87) where the bulk viscosity ηb
is defined by Eq. (99) and the shear viscosity η is de-
fined by Eqs. (95) (kinetic contribution) and (102) (col-
lisional contribution). Finally, the constitutive equation
for the heat flux is given by Eq. (88) where the kinetic
contributions to the Dufour coefficients Dq,ij , the ther-
mal conductivity κ, and the velocity conductivity κU are
given by Eqs. (96), (97), and (98), respectively. Within
the context of small gradients, all the above results ap-
ply in principle to arbitrary degree of inelasticity and are
not restricted to specific values of the parameters of the
mixture. The present work extends to moderate densi-
ties a previous analysis carried out for dilute bidisperse
granular suspensions [10, 17].
Before considering inhomogeneous situations, the ho-
mogeneous steady state has been studied. In this state,
the distributions fi,s adopt the form (43) where the
scaled distributions ϕi,s depend on the steady tempera-
ture Ts through the dimensionless velocity c = v/v0(Ts)
and the (scaled) temperature θ = Ts/Tex. This scaling
differs from the one assumed for dry granular mixtures
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[36] where the temperature dependence of ϕi is only en-
coded through the dimensionless velocity c. Although
the exact form of the distributions ϕi,s is not known,
in order to estimate the partial temperatures Ti,s/Tex,
the distributions ϕi,s have been approximated by the
Maxwellian distributions (47). This has allowed us to
explicitly get the partial temperatures in terms of the
parameters of the mixture. In spite of the crudeness of
the above approximation, the theoretical predictions for
T1,s/T2,s agree well with MD simulations, specially for
moderately dense systems. The goodness of the com-
parison supports the use of the Maxwellian approxima-
tion (47) in the evaluation of the transport coefficients.
However, we find some discrepancies between theory and
simulations that could be mitigated if one would consider
the influence of the fourth cumulants on the distributions
ϕi,s. We plan to calculate these cumulants in the near fu-
ture and perform more simulations to assess the reliabil-
ity of the Enskog theoretical predictions for homogeneous
steady states.
Once the steady reference state is well characterized,
the diffusion coefficients, the bulk and shear viscosities,
and the first-order contributions to the partial temper-
atures and the cooling rate have been determined. As
usual, in order to achieve explicit expressions for the
above transport coefficients, the leading terms in a So-
nine polynomial expansion have been considered. The
explicit forms of the transport coefficients have been dis-
played along Sec. VI and the Appendix C: the coefficients
D11 and D12 are the solutions of the algebraic equations
(C2), the coefficients DU1 and D
T
1 are given by Eqs. (108)
and (C10), respectively, the shear viscosity η and the
first-order coefficients ̟i are the solutions of Eqs. (C12)
and (C18), respectively, and the first-order contribution
ζU = ζ
(1,0) + ζ(1,1) to the cooling rate is given by Eqs.
(B8), (113) and (114). An interesting point is that these
coefficients are defined not only in terms of the hydrody-
namic fields in the steady state but, in addition, there are
contributions to the transport coefficients coming from
the derivatives of the temperature ratio in the vicinity of
the steady state. These contributions can be seen as a
measure of the departure of the perturbed state from the
steady reference state. The inclusion of the above deriva-
tives introduces conceptual and practical difficulties not
present in the case of dry granular mixtures [22, 23].
In reduced forms, the diffusion transport coefficients
and the shear viscosity coefficient of the granular sus-
pension exhibit a complex dependence on the parameter
space of the problem. In particular, Fig. 3 highlights the
significant impact of the gas phase on the mass transport
since the α-dependence of the Navier–Stokes transport
coefficients DT1 , D
U
1 , and Dij is in general different from
the one found in the case of dry granular mixtures [18].
Regarding the shear viscosity coefficient η, a compari-
son with the dry granular results [18] shows a qualitative
agreement between dry and granular suspensions for not
quite high densities although important quantitative dif-
ferences are found. Apart from these coefficients, the
first-order contributions ̟i to the partial temperatures
Ti have been also computed. The evaluation of these co-
efficients is interesting by itself and also because they are
involved in the calculation of both the bulk viscosity ηb
and the first-order contribution ζU to the cooling rate.
The results obtained here show that the magnitude of
̟1 is in general very small (in fact, much smaller than
the one recently found [21] in the absence of gas phase)
and hence, its impact on ηb and ζU is very tiny [see Figs.
6 and 7]. This conclusion contrasts with recent findings
for dry granular mixtures [21] where the influence of ̟1
on both the bulk viscosity and the cooling rate must be
taken into account for strong inelasticities and disparate
masses.
In a subsequent paper, we plan to determine the heat
flux transport coefficients and to perform a linear stabil-
ity analysis of the homogeneous steady state as a pos-
sible application. In particular, given that the homoge-
neous steady state is stable in the dilute limit, we want
to see if the density corrections to the transport coeffi-
cients can modify the stability of the above homogeneous
state. In addition, it is also quite apparent that the reli-
ability of the theoretical results derived here (which have
been obtained under certain approximations) should be
assessed against computer simulations. As happens for
dry granular mixtures [40, 48, 63–68], we expect that the
present results stimulate the performance of appropri-
ate simulations for bidisperse granular suspensions. In
particular, we plan to undertake simulations to obtain
the tracer diffusion coefficient (namely, a binary mixture
where the concentration of one of the components is neg-
ligible) in a similar way as in the case of granular mix-
tures [40, 63, 67]. Moreover, we also plan to carry out
simulations to measure the Navier–Stokes shear viscosity
η by studying the decay of a small perturbation to the
transversal component of the velocity field [69]. Another
possible project for the next future is to consider inelas-
tic rough hard spheres in order to assess the impact of
friction on the transport properties of the granular sus-
pension. Studies along these lines will be worked out in
the near future.
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Appendix A: Derivatives of the temperature ratio in
the vicinity of the steady state
In this Appendix, the derivatives of the temperature
ratio τ1 = T
(0)
1 /T with respect to θ, λ1, x1, and φ in the
vicinity of the steady state are evaluated.
Let us consider first the derivative (∂τ1/∂θ)x1,λ1,φ. To
get it, we consider Eq. (69) for i = 1:
Λ∗θ
∂τ1
∂θ
= −τ1Λ∗ + Λ∗1, (A1)
where Λ∗ and Λ∗1 are defined by Eqs. (70) and (71), re-
spectively. According to Eq. (48), the (reduced) partial
cooling rate ζ∗1,0 can be written as
ζ∗1,0 = τ
1/2
1 M
−1/2
1 ζ
′
1(x1, β), (A2)
where β = β1/β2 = m1τ2/(m2τ1), τ2 = (1 − x1τ1)/x2,
and
ζ′1(x1, β) =
√
2π(d−1)/2
dΓ
(
d
2
) x1χ(0)11 ( σ1σ12
)d−1 (
1− α211
)
+
4π(d−1)/2
dΓ
(
d
2
) x2χ(0)12 µ21 (1 + β)1/2 (1 + α12)
×
[
1− µ21
2
(1 + α12) (1 + β)
]
. (A3)
At the steady state, Λ∗ = Λ∗1 = Λ
∗
2 = 0 and hence,
according to Eq. (A1), the derivative ∂τ1/∂θ becomes
indeterminate. On the other hand, as for dilute multi-
component granular suspensions [10], the above problem
can be fixed by applying l’Hoˆpital’s rule. In this case, we
take first the derivative with respect to θ in both sides
of Eq. (A1) and then take the steady-state limit. After
some algebra, one easily achieves the following quadratic
equation for the derivative ∆θ,1 = (∂τ1/∂θ)s:
θΛ
(θ)
1 ∆
2
θ,1 +
(
θΛ
(θ)
0 + τ1Λ
(θ)
1 − Λ(θ)11
)
∆θ,1 − Λ(θ)10
+τ1Λ
(θ)
0 = 0, (A4)
where Λ
(θ)
0 = x1Λ
(θ)
10 +x2Λ
(θ)
20 and Λ
(θ)
1 = x1Λ
(θ)
11 +x2Λ
(θ)
21 .
Here, we have introduced the quantities
Λ
(θ)
10 = γ
∗
1θ
−1τ1 − 3γ∗1θ−2, Λ(θ)20 = γ∗2θ−1τ2 − 3γ∗2θ−2,
(A5)
Λ
(θ)
11 = −2γ∗1 −
3
2
ζ∗10 + τ
−1/2
1
M
1/2
1
x2M2
(
∂ζ′1
∂β
)
x1,φ
(A6)
Λ
(θ)
21 = 2
x1
x2
γ∗2 +
3
2
x1
x2
ζ∗20 +
M1
x2M
3/2
2
τ
3/2
2
τ21
(
∂ζ′2
∂β
)
x1,φ
.
(A7)
In Eqs. (A4)–(A7), although the subscript s has been
omitted for the sake of simplicity, it is understood that
all the quantities are evaluated in the steady state. As
for dilute driven granular mixtures [10], an analysis of
the solutions to Eq. (A4) shows that in general one of
the roots leads to unphysical behavior of the diffusion
coefficients. We take the other root as the physical root
of the quadratic equation (A4).
Once the derivative ∆θ,1 is known, we can determine
the remaining derivatives in a similar way. In order to get
(∂τ1/∂λ1)θ,x1,φ, we take first the derivative of Eq. (A1)
with respect to λ1 and then consider the steady-state
conditions. The final result is
∆λ1,1 = −
τ1Λ
(λ1)
0 − Λ(λ1)10 + θΛ(λ1)0 ∆θ,1
θΛ
(θ)
1 ∆θ,1 + τ1Λ
(θ)
1 − Λ(θ)11
, (A8)
where Λ
(λ)
0 = x1Λ
(λ1)
10 + x2Λ
(λ1)
20 , and
Λ
(λ1)
10 = 2θ
−1/2
(
θ−1 − τ1
)
, Λ
(λ)
20 = 2
R2
R1
θ−1/2
(
θ−1 − τ2
)
.
(A9)
Analogously, the derivative (∂τ1/∂x1)θ,λ1,φ in the
steady state is
∆x1,1 = −
τ1Λ
(x1)
0 − Λ(x1)10 + θΛ(x1)0 ∆θ,1
θΛ
(θ)
1 ∆θ,1 + τ1Λ
(θ)
1 − Λ(θ)11
, (A10)
where Λ
(x1)
0 = x1Λ
(x1)
10 + x2Λ
(x1)
20 , and
Λ
(x1)
10 = −τ3/21 M−1/21
(
∂ζ′1
∂x1
)
β,φ
, (A11)
Λ
(x1)
20 = 2
γ∗1
x2
(
θ−1 − τ1
)− 2γ∗2
x2
(
θ−1 − τ2
)
−1− τ1
x22
γ∗2 +
3
2
τ1 − τ23
x2
ζ∗2,0 −
τ1
x2
ζ∗1,0
−τ3/22 M−1/22
(
∂ζ′2
∂x1
)
β,φ
. (A12)
Finally, in the steady state, the derivative
(∂τ1/∂φ)θ,x1,λ1 is
∆φ,1 = −τ1Λ
(φ)
0 − Λ(φ)10 + θΛ(φ)0 ∆θ,1
θΛ
(θ)
1 ∆θ,1 + τ1Λ
(θ)
1 − Λ(θ)11
, (A13)
where Λ
(φ)
0 = x1Λ
(φ)
10 + x2Λ
(φ)
20 , and
Λ
(φ)
10 = −τ3/21 M−1/21
(
∂ζ′1
∂φ
)
x1,β
, (A14)
Λ
(φ)
20 = −τ3/22 M−1/22
(
∂ζ′2
∂φ
)
x1,β
. (A15)
Appendix B: Some technical details on the
first-order Chapman–Enskog solution
19
To first order in the spatial gradients, the distribution function f
(1)
i obeys the Enskog kinetic equation
∂
(0)
t f
(1)
i − γi
∂
∂v
·Vf (1)i −
γiTex
mi
∂2f
(1)
i
∂v2
= −
(
D
(1)
t +V · ∇
)
f
(0)
i + γi∆U ·
∂f
(0)
i
∂v
− g · ∂f
(0)
i
∂v
+
2∑
j=1
J
(1)
ij [fi, fj], (B1)
where D
(1)
t ≡ ∂(1)t +U ·∇ and J (1)ij [fi, fj ] denotes the first-order contribution to the expansion of the Enskog collision
operator in spatial gradients. To obtain J
(1)
ij [fi, fj ] one needs the expansions [18, 22]
χij (r, r± σij | {nℓ})→
2∑
ℓ=1
χ
(0)
ij
(
1± 1
2
(
nℓ
∂ lnχ
(0)
ij
∂nℓ
+ Iijℓ
)
σij · ∇ lnnℓ
)
, (B2)
f
(0)
j (r± σij)→
2∑
ℓ=1
nℓ
∂f
(0)
j
∂nℓ
σij · ∇ lnnℓ −
∂f
(0)
j
∂Vβ
(σij · ∇)Uβ + T
∂f
(0)
j
∂T
σij · ∇ lnT. (B3)
In Eq. (B3), the quantities Iijℓ are defined in terms of the functional derivative of the (local) pair distribution function
χij with respect to the (local) partial densities nℓ. These quantities are the origin of the primary difference between
the so-called standard and revised Enskog kinetic theories for ordinary mixtures [56, 70]. The explicit forms of Iijℓ
for a binary mixture of hard disks (d = 2) or spheres (d = 3) have been provided in the Appendix A of Ref. [71].
Taking into account the expansions (B2) and (B3), the operator J
(1)
ij [fi, fj ] can be written as
2∑
j=1
J
(1)
ij [fi, fj ]→ −
2∑
j=1
2∑
ℓ=1
{
Kij
[
nℓ
∂f
(0)
j
∂nℓ
]
+
1
2
(
nℓ
∂ lnχ
(0)
ij
∂nℓ
+ Iijℓ
)
Kij
[
f
(0)
j
]}
· ∇ lnnℓ
−
2∑
j=1
Kij
[
T
∂f
(0)
j
∂T
]
· ∇ lnT + 1
2
2∑
j=1
Kij,λ
[
∂f
(0)
j
∂Vβ
](
∂λUβ + ∂βUλ − 2
d
δλβ∇ ·U
)
+
1
d
2∑
j=1
Kij,λ
[
∂f
(0)
j
∂Vλ
]
∇ ·U+
2∑
j=1
(
J
(0)
ij
[
f
(1)
i , f
(0)
j
]
+ J
(0)
ij
[
f
(0)
i , f
(1)
j
])
, (B4)
where the operator Kij [Xj ] is given by [18, 22]
Kij [Xj ] = σ
d
ijχ
(0)
ij
∫
dv2
∫
dσ̂Θ(σ̂ · g12) (σ̂ · g12) σ̂
[
α−2ij f
(0)
i (v
′′
1 )Xj(v
′′
2 ) + f
(0)
i (v1)Xj(v2)
]
. (B5)
As for monocomponent granular suspensions [14], upon deriving Eq. (B4) use has been made of the symmetry property
Kij,λ[∂Vβf (0)j ] = Kij,β [∂Vλf (0)j ] that follows from the isotropy in velocity space of the zeroth-order distributions f (0)i .
To first-order, the balance equations are
D
(1)
t ni = −ni∇ ·U, D(1)t U = −ρ−1∇p−∆U
2∑
i=1
ρi
ρ
γi + g+ ρ
−1 (γ1 − γ2) j(1)1 , (B6)
D
(1)
t T = −
2p
dn
∇ ·U− ζ(1)T − 2
2∑
i=1
γixiT
(1)
i . (B7)
Here, p is given by Eq. (64) and ζ(1) is the first order contribution to the cooling rate. Since ζ(1) is a scalar,
corrections to first-order in the gradients can arise only from ∇ · U since ∇ni and ∇T are vectors and the tensor
∂λUβ+∂βUλ− 2dδλβ∇·U is a traceless tensor. Thus, ζ(1) = ζU∇·U, where ζU can be decomposed as ζU = ζ(1,0)+ζ(1,1).
The coefficient ζ(1,0) can be evaluated explicitly with the result [23]
ζ(1,0) = − 3
nT
πd/2
d2Γ
(
d
2
) 2∑
i=1
2∑
j=1
ninjµjiσ
d
ijχ
(0)
ij T
(0)
i (1− α2ij). (B8)
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On the other hand, the coefficient ζ(1,1) is given in terms of the first-order distributions f
(1)
i . Its expression will be
displayed latter. In addition, according to Eq. (64), ∇p can be written as
∇p =
2∑
i=1
ni
∂p
∂ni
∇ lnni + p
(
1 + θ
∂ ln p∗
∂θ
)
∇ lnT, (B9)
where we recall that p∗ = p/nT .
The right-hand side of Eq. (B1) can be evaluated by using Eqs. (B6)–(B9) and the expansion (B4) of the Enskog
operator. With these results, the corresponding kinetic equation for f
(1)
i reads
∂
(0)
t f
(1)
i − γi
∂
∂v
·Vf (1)i −
γiTex
mi
∂2f
(1)
i
∂v2
−
Tζ(1,1) + 2 2∑
j=1
xjγj̟j
 ∂f (0)i
∂T
∇ ·U− ρ−1 (γ1 − γ2) j(1)1 ·
∂f
(0)
i
∂V
−
2∑
j=1
(
J
(0)
ij
[
f
(1)
i , f
(0)
j
]
+ J
(0)
ij
[
f
(0)
i , f
(1)
j
])
= Ai · ∇ ln T +
2∑
j=1
Bij · ∇ lnnj + Ci,λβ 1
2
(
∂λUβ + ∂βUλ − 2
d
δλβ∇ ·U
)
+Di∇ ·U+Ei ·∆U, (B10)
where
Ai(V) = −VT ∂f
(0)
i
∂T
− p
ρ
(
1 + θ
∂ ln p∗
∂θ
)
∂f
(0)
i
∂V
−
2∑
j=1
Kij
[
T
∂f
(0)
j
∂T
]
, (B11)
Bij(V) = −Vnj ∂f
(0)
i
∂nj
− nj
ρ
∂p
∂nj
∂f
(0)
i
∂V
−
2∑
ℓ=1
{
Kiℓ
[
nj
∂f
(0)
ℓ
∂nj
]
+
1
2
(
nj
∂ lnχ
(0)
iℓ
∂nj
+ Iiℓj
)
Kiℓ
[
f
(0)
ℓ
]}
, (B12)
Ci,βλ(V) = Vλ
∂f
(0)
i
∂Vβ
+
2∑
j=1
Kij,λ
[
∂f
(0)
j
∂Vβ
]
, (B13)
Di(V) =
1
d
∂
∂V
·
(
Vf
(0)
i
)
+
(
ζ(1,0) +
2
d
p∗
)
T
∂f
(0)
i
∂T
− f (0)i +
2∑
j=1
{
nj
∂f
(0)
i
∂nj
+
1
d
Kij,λ
[
∂f
(0)
j
∂Vλ
]}
, (B14)
Ei (V) =
γi − 2∑
j=1
ρj
ρ
γj
 ∂f (0)i
∂V
. (B15)
Note that in Eq. (B10), ζ
(1)
1 and ̟i are functionals of the first-order distributions f
(1)
i . In Eq. (B12), the derivative
∂f
(0)
i /∂nj can be more explicitly written when one takes into account the scaling solution (43):
nj
∂f
(0)
i
∂nj
= δijf
(0)
j + njf
(0)
i
(
∂ lnϕi
∂x1
∂x1
∂nj
+
∂ lnϕi
∂λ1
∂λ1
∂nj
+
∂ lnϕi
∂φ
∂φ
∂nj
)
, (B16)
where
nj
∂x1
∂nj
= xj (x2δ1j − x1δ2j) , nj ∂φ
∂nj
= φj , (B17)
nj
∂λ1
∂nj
= λ1
(
φj
∂ lnR1
∂φ
+
∂ lnR1
∂x1
nj
∂x1
∂nj
)
− λ1xj − λ1 ρj
ρ
. (B18)
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The solution to Eq. (B10) is given by Eq. (72). Because of the gradients ∇ni, ∇T , and ∇·U as well as the traceless
tensor ∂λUβ + ∂βUλ − 2dδλβ∇ · U are all independents, substitution of the form (72) into Eq. (B10) leads to the
following set of linear integral equations for the unknowns Ai(V), Bij(V), Ci,λβ(V), and Di(V):
Λ(0)T∂TAi −
2 2∑
j=1
γjxj
(
θ−1 + θ
∂τj
∂θ
)
+
1
2
ζ(0) + ζ(0)θ
∂ ln ζ∗0
∂θ
Ai − γi ∂
∂v
·VAi − γiTex
mi
∂2
∂v2
Ai
+(γ2 − γ1)DT1
∂f
(0)
i
∂V
−
2∑
j=1
(
J
(0)
ij
[
Ai, f
(0)
j
]
+ J
(0)
ij
[
f
(0)
i ,Aj
])
= Ai, (B19)
Λ(0)T∂TBij − γi ∂
∂v
·VBij − γiTex
mi
∂2
∂v2
Bij + (γ2 − γ1) m1ρj
ρ2
D1j
∂f
(0)
i
∂V
−
2∑
ℓ=1
(
J
(0)
iℓ
[
Bij , f
(0)
ℓ
]
+ J
(0)
iℓ
[
f
(0)
i ,Bℓj
])
= Bij +
[
nj
∂ζ(0)
∂nj
− 2nj
2∑
ℓ=1
{
γℓxℓ
[(
θ−1 − τℓ
)(∂ ln γℓ
∂nj
+
∂ lnxℓ
∂nj
)
−
(
∂τℓ
∂x1
∂x1
∂nj
+
∂τℓ
∂λ1
∂λ1
∂nj
+
∂τℓ
∂φ
∂φ
∂nj
)]}]
Ai,
(B20)
Λ(0)T∂TCi,λβ − γi ∂
∂v
·VCi,λβ − γiTex
mi
∂2
∂v2
Ci,λβ −
2∑
j=1
(
J
(0)
ij
[
Ci,λβ , f (0)j
]
+ J
(0)
ij
[
f
(0)
i , Cj,λβ
])
= Ci,λβ , (B21)
Λ(0)T∂TDi−γi ∂
∂v
·VDi−γiTex
mi
∂2
∂v2
Di−
Tζ(1,1) + 2 2∑
j=1
γjxj̟j
 ∂f (0)i
∂T
−
2∑
j=1
(
J
(0)
ij
[
Di, f (0)j
]
+ J
(0)
ij
[
f
(0)
i ,Dj
])
= Di,
(B22)
Λ(0)T∂TEi−γi ∂
∂v
·VE i− γiTex
mi
∂2
∂v2
Ei+ρ
−1 (γ2 − γ1)DU1
∂f
(0)
i
∂V
−
2∑
j=1
(
J
(0)
ij
[
Ei, f
(0)
j
]
+ J
(0)
ij
[
f
(0)
i ,Ej
])
= Ei, (B23)
where Λ(0) is defined by Eq. (66). Upon deriving the above integral equations use has been made of the constitutive
equation (78) for the mass flux j
(1)
1 and the result
∂
(0)
t ∇ lnT = ∇∂(0)t lnT = ∇
(
2
2∑
i=1
γixi
(
θ−1 − τi
)− ζ(0))
= −
2∑
j=1
[
nj
∂ζ(0)
∂nj
− 2nj
2∑
ℓ=1
{
γℓxℓ
[(
θ−1 − τℓ
)(∂ ln γℓ
∂nj
+
∂ lnxℓ
∂nj
)
−
(
∂τℓ
∂x1
∂x1
∂nj
+
∂τℓ
∂λ1
∂λ1
∂nj
+
∂τℓ
∂φ
∂φ
∂nj
)]}]
∇ lnnj
−
[
2
2∑
i=1
γixi
(
θ−1 + θ
∂τi
∂θ
)
+
1
2
ζ(0) + ζ(0)θ
∂ ln ζ∗0
∂θ
]
∇ lnT. (B24)
Moreover, since ζ(1,1) is coupled to Di, its explicit form can be easily identified after expanding the expression (30) of
the cooling rate to first order. The result is [23]
ζ(1,1) =
1
nT
π(d−1)/2
dΓ
(
d+3
2
) 2∑
i=1
2∑
j=1
σd−1ij χ
(0)
ij mij(1− α2ij)
∫
dv1
∫
dv2 g
3
12 f
(0)
i (V1)Dj(V2). (B25)
The integral equations (73)–(76) can be obtained from Eqs. (B19)–(B22) when the steady state condition (Λ(0) = 0)
is assumed.
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Appendix C: Algebraic equations defining the transport coefficients
In this Appendix, we display the set of algebraic equations defining the diffusion transport coefficients, the shear vis-
cosity coefficient, and the first-order contributions to the partial temperatures. In the case of the diffusion coefficients
DTi , Dij , and D
U
i , the set of algebraic equations are, respectively, given by
2∑
j=1
{
νij + (γ2 − γ1) ρi
ρ
δ1j −
[
2
2∑
ℓ=1
γℓxℓ
(
θ−1 − θ∆θ,ℓ
)
+
1
2
ζ(0) + ζ(0)θ
∂ ln ζ∗0
∂θ
− γi
]
δij
}
DTj
= −pρi
ρ2
(
1 + θ
∂ ln p∗
∂θ
− ρniT
(0)
i
pρi
)
+ T
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ρ
θ∆θ,i +
πd/2
dΓ
(
d
2
) niT
ρ
2∑
j=1
njµijχ
(0)
ij σ
d
ij (1 + αij)
× (τj + θ∆θ,j) , (C1)
2∑
ℓ=1
[
νiℓ + (γ2 − γ1) ρi
ρ
δ1ℓ + γiδiℓ
]
mℓDℓj =
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ρj
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)(∂ ln γℓ
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)
−
(
∂x1
∂nj
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DTi
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d
2
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1
2
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nj
∂ lnχ
(0)
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∂nj
+ Iiℓj
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mi
+
τℓ
mℓ
)
+
nj
mℓ
∂x1
∂nj
∆x1,ℓ +
nj
mℓ
∂λ1
∂nj
∆λ1,ℓ +
φj
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∆φ,ℓ
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, (C2)
2∑
j=1
[
νij + (γ2 − γ1) ρi
ρ
δ1j + γiδij
]
DUj = ρi
γi − 2∑
j=1
ρj
ρ
γj
 . (C3)
Here, the derivatives ∂x1/∂nj and ∂λ1/∂nj are given by Eqs. (B17) and (B18), respectively, and the collision fre-
quencies νij appearing in Eqs. (C1)–(C3) are defined as
νii = − mi
dniTi
∫
dv V · J (0)ij [fi,MV, f (0)j ], (C4)
νij = − mi
dnjTj
∫
dv V · J (0)ij [f (0)i , fj,MV], (C5)
for i 6= j. Note that the self-collision terms of νii arising from J (0)ii [fiMV, f (0)i ] do not occur in Eq. (C4) since they
conserve momentum for the component i. In addition, upon deriving Eqs. (C1) and (C2), use has been made of the
results ∫
dvmiV ·Kij
[
T
∂f
(0)
j
∂T
]
=
πd/2
Γ
(
d
2
)ninjσdijχ(0)ij µij(1 + αij)T (0)j (1 + θτj∆θ,j
)
, (C6)
∫
dvmiV ·
{
Kiℓ
[
nj
∂f
(0)
ℓ
∂nj
]
+
1
2
(
nj
∂ lnχ
(0)
iℓ
∂nj
+ Iiℓj
)
Kiℓ
[
f
(0)
ℓ
]}
=
πd/2
Γ
(
d
2
)niTnℓσdiℓχ(0)iℓ miℓ(1 + αiℓ)
×
{[
δjℓ +
1
2
(
nj
∂ lnχ
(0)
iℓ
∂nj
+ Iiℓj
)](
τi
mi
+
τℓ
mℓ
)
+
nj
mℓ
∂x1
∂nj
∆x1,ℓ +
nj
mℓ
∂λ1
∂nj
∆λ1,ℓ +
φj
mℓ
∆φ,ℓ
}
, (C7)
where f
(0)
i has been replaced by fi,M. The explicit forms of the collision frequencies νii and νij can be also easily
obtained by considering the latter replacement. They are given by [72]
νii =
2π(d−1)/2
dΓ
(
d
2
) njσd−1ij χ(0)ij µjiv0 (1 + αij)(βi + βjβiβj
)1/2
, (C8)
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νij = −2π
(d−1)/2
dΓ
(
d
2
) niσd−1ij χ(0)ij µijv0 (1 + αij)(βi + βjβiβj
)1/2
. (C9)
We recall that i 6= j in Eqs. (C8) and (C9). With these results, the explicit form of DT1 can be written as
DT1 =
[
νD +
ρ1γ2 + ρ2γ1
ρ
− 2
2∑
j=1
xjγj
(
θ−1 − θ∆θ,j
)− ζ(0) (1
2
+ θ
∂ ln ζ∗0
∂θ
)]−1{
Tn1
ρ
θ∆θ,1
−pρ1
ρ2
(
1 + θ
∂ ln p∗
∂θ
− ρn1T
(0)
1
pρ1
)
+
πd/2
dΓ
(
d
2
) n1T
ρ
[
n1
2
χ
(0)
11 σ
d
1 (1 + α11) (τ1 + θ∆θ,1)
+n2µ12χ
(0)
12 σ
d
12 (1 + α12) (τ2 + θ∆θ,2)
]}
, (C10)
where νD is
νD = ν11 − ν12 = 2π
(d−1)/2
dΓ
(
d
2
) nσd−112 χ(0)12 v0 (1 + α12)(β1 + β2β1β2
)1/2
(x1µ12 + x2µ21) . (C11)
We consider now the kinetic contribution ηk to the shear viscosity coefficient η. The kinetic coefficient ηk = η
k
1 +η
k
2 ,
where the partial contributions ηki (i = 1, 2) obey the set of equations
2∑
j=1
(τij + 2γiδij) η
k
j = niT
(0)
i +
ρiTπ
d/2
d(d+ 2)Γ
(
d
2
) 2∑
j=1
njµjiσ
d
ijχ
(0)
ij (1 + αij)
[
µji (3αij − 1)
(
τi
mi
+
τj
mj
)
− 4 τi − τj
mi +mj
]
,
(C12)
where the collision frequencies τij are defined as
τii = − 1
(d− 1)(d+ 2)
1
niT
(0)2
i
(∫
dvRi,λβJ
(0)
ii
[
f
(0)
i , fiMRi,λβ
]
+
2∑
j=1
∫
dvRi,λβJ
(0)
ij
[
fi,MRi,λβ , f
(0)
j
])
, (C13)
τij = − 1
(d− 1)(d+ 2)
1
njT
(0)2
j
∫
dvRi,λβJ
(0)
ij
[
f
(0)
i , fj,MRj,λβ
]
, (i 6= j). (C14)
Upon deriving Eq. (C12) use has been made of the result [23]∫
dv Ri,λβKij,λ
[
∂f
(0)
j
∂Vβ
]
= −π
d/2(d− 1)
dΓ
(
d
2
) ρinjTµjiσdijχ(0)ij (1 + αij)
[
µji (3αij − 1)
(
τi
mi
+
τj
mj
)
− 4 τi − τj
mi +mj
]
.
(C15)
Explicit expressions of the collision frequencies τii and τij can be obtained by considering the Maxwellian approxi-
mation (103) to f
(0)
i . The results are [23]
τii =
2π(d−1)/2
d(d+ 2)Γ
(
d
2
)v0{niσd−1i χ(0)ii (2βi)−1/2 (3 + 2d− 3αii) (1 + αii) + 2njχ(0)ij σd−1ij µji (1 + αij)β3/2i β−1/2j
×
[
(d+ 3)βijβ
−2
i (βi + βj)
−1/2
+
3 + 2d− 3αij
2
µjiβ
−2
i (βi + βj)
1/2
+
2d(d− 1)− 4
2(d− 1) β
−1
i (βi + βj)
−1/2
]}
,
(C16)
τij =
4π(d−1)/2
d(d+ 2)Γ
(
d
2
)v0niχ(0)ij σd−1ij µijβ3/2j β−1/2i (1 + αij)
[
(d+ 3)βijβ
−2
j (βi + βj)
−1/2
+
3 + 2d− 3αij
2
×µjiβ−2j (βi + βj)1/2 −
2d(d+ 1)− 4
2(d− 1) β
−1
j (βi + βj)
−1/2
]
, (C17)
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where βij = µijβj − µjiβi and i 6= j.
Finally, the first-order contributions T
(1)
i to the partial temperatures are defined as T
(1)
i = ̟i∇ ·U. The set of
algebraic equations defining the coefficients ̟i are given by
2∑
j=1
[
ωij + 2γjxj (τi + θ∆θ,i)− 2γiδij +
(
T
(0)
i + Tθ∆θ,i
)
ξj
]
̟j =
2
d
T
(0)
i −
(
ζ(1,0) +
2
d
p∗
)(
T
(0)
i + Tθ∆θ,i
)
+T
2∑
j=1
{
πd/2
d2Γ
(
d
2
)njσdijχ(0)ij mij(1 + αij) [3µji (1 + αij)( τimi + τjmj
)
− 4 τi
mi
]
− nj
(
∂λ1
∂nj
∆λ1,i +
∂φ
∂nj
∆φ,i
)}
,
(C18)
where ζ(1,0) is defined by Eq. (B8) and the collision frequencies ωij are
ωii =
1
dniT
(0)
i
(
2∑
j=1
∫
dvmiV
2J
(0)
ij
[
fi,MWi, f
(0)
j
]
+
∫
dvmiV
2J
(0)
ii
[
f
(0)
i , fiMWi
])
, (C19)
ωij =
1
dniT
(0)
j
∫
dvmiV
2J
(0)
ij
[
f
(0)
i , fj,MWj
]
, (i 6= j). (C20)
Upon deriving Eq. (C18), we have accounted for that
∑
j nj∂njx1 = 0 and use has been made of the result [21]∫
dvmiV
2Kij,λ
[
∂f
(0)
j
∂Vλ
]
= − π
d/2
Γ
(
d
2
)χ(0)ij ninjσdij(1 + αij)
[
3µji(1 + αij)
(
T
(0)
i
mi
+
T
(0)
j
mi
)
− 4T
(0)
i
mi
]
. (C21)
Moreover, in the Maxwellian approximation (103), the collision frequencies ωii and ωij read [27]
ωii = − π
(d−1)/2
2dT
(0)
i Γ
(
d
2
)v30
{
3√
2
niσ
d−1
i miχ
(0)
ii β
−3/2
i
(
1− α2ii
)− njmijσd−1ij χ(0)ij (1 + αij)
× (βi + βj)−1/2 β−3/2i β−1/2j
[
3µji (1 + αij) (βi + βj)− 2 (2βi + 3βj)
]}
, (C22)
ωij =
π(d−1)/2
2dT
(0)
j Γ
(
d
2
)v30njmijσd−1ij χ(0)ij (1 + αij) (βi + βj)−1/2 β−1/2i β−3/2j [3µji (1 + αij) (βi + βj)− 2βj]. (C23)
In Eqs. (C22)–(C23), it is understood that i 6= j.
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